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1 Introduction 

In this paper, we would like to introduce a notion of Betti structure for holonomic I?-modules in a naive 
way, motivated by a question in [5]. For regular holonomic I?-modules, it is clearly defined in terms of the 
Riemann-Hilbert correspondence. Namely, a Betti structure of a regular holonomic Vx-module A4 is defined 
to be a Q-perverse sheaf T with an isomorphism a : (X) C ~ DRx Ai . It has a nice functorial property for 
standard functors such as pull back, push- forward, dual etc.. The non- regular version of the Riemann-Hilbert 
correspondence has not yet been established as far as the author knows, except for the case that the dimension 
of the support is one dimensional. Although it would be a natural and attractive to expect a correspondence 
between holonomic I?-modules and perverse sheaves equipped with "Stokes structure" in some sense, it seems 
to require some more complicated machinery for a precise formulation. Instead, we make an attempt to define 
just "Betti structure" of holonomic P-modules with functorial property (at least in the algebraic case), by using 
only the classical machinery of holonomic 2?-modules and perverse sheaves. It still requires a non-trivial task, 
and we hope that it would be useful for further study toward Riemann-Hilbert correspondence. 

1.1 Betti structure 

1.1.1 Pre-Betti structure 

To define a Betti structure of a holonomic Px-module , it is a most naive idea to consider a pair ( J^, a) as 
above, which is called a pre-Betti structure of A4 in this paper. We should say that pre-Betti structure is too 
naive for the following reasons: 

• It is not so intimately related with Stokes structure. 

• Although pre-Betti structures have nice functoriality with respect to dual and push-forward, they are not 
functorial with respect to pull back, nearby cycle and vanishing cycle functors. Recall that the de Rham 
functor is not compatible with the latter class of functors. 

We would like to introduce a condition for a pre-Betti structure to be a "Betti structure" with an inductive 
way on the dimension of the support. In the zero dimensional case, we do not need any additional condition. 
In the following, a Q-structure of a C-perverse sheaf Jx is a Q-perverse sheaf J^J with an isomorphism 

1.1.2 One dimensional case 

Before explaining the condition for Betti structure in the one dimensional case, let us recall "Riemann-Hilbert 
correspondence" for holonomic I?-module on curves, which are not necessarily regular singular. For simplicity, 
we consider holonomic I?-modules on X — A — {\z\ < 1} which may have a singularity at the origin D = {O}. 



Meromorphic flat bundles Let be a meromorphic fiat bundle on {X, D). Let vr : X{D) — > X be the real 
blow up along D. Let C be the local system on X{D) associated to the flat bundle V^x-d- Let P be any point 
of TT~^{D). According to the classical asymptotic analysis, we have the Stokes filtration of the stalk Cp 
given by the growth order of flat sections. The meromorphic flat bundle V can be reconstructed from the flat 
bundle V\x-d ^nd the system of filtrations | P € t:~^{D)^^ which is a Riemann-Hilbert correspondence 
for meromorphic flat bundles on a curve. 

Let be the dual of as a meromorphic flat bundle, and let VI :~ JixV^ be the dual of V'^ as a 
I?x-inodule. Let us recall that the de Rham complexes DRx(V^) and DRx(V^) can be described in terms of 
Stokes flltrations. Let and be the constructible subsheaves of £ such that Cp = F!^q{Cp) and 

= J-^q{£p). Then, we have natural isomorphisms: 

BR(y) ~ Rn^C^^, DR(V^) ~ Rt:^C<^. (1) 

Gluing Let us very briefly recall a key construction due to A. Beilinson on the gluing of holonomic T>- 
modulcs, which we will review in Subsection 12.21 in more details. Let A4 he a. holonomic I?x-niodule such that 
V M{*D) is a meromorphic flat bundle on {X,D). We have the natural morphisms V\ M V. 
According to [Sj, we have the I?- modules and ipz(V) associated to V, with morphisms 

4,,(V)~^E,{V)^MV), V,^E,{V)~^V. (2) 

It can be shown that bo o uq — &2 ° 02- We also have 62 ° ai =0 and 61 o 02 = 0. We obtain the I?-module 
(pz {M ) as the cohomology of the natural complex: 

V< — >Ez{V)®M — >V (3) 

We have the naturally induced morphisms ipziV) (pzi-M.) ipziV). Then, Ai is reconstructed as the 
cohomology of the complex: 

t^z{V)^Ez{V)(SMM)^iJziV) (4) 

Recall that Sz{V), ipz{V), and (f)z{Ai) are called the maximal extension, the nearby cycle sheaf, and the 
vanishing cycle sheaf of A4 . 

Good Q-structure of a meromorphic flat bundle Let F be a meromorphic flat bundle on {X,D), and 
let C denote the associated local system on X{D) with the Stokes structure. We say that V has a good Q- 
structure, if £ has a Q-structure such that the Stokes filtrations J^^ are defined over Q. By the isomorphisms 
(H)), we obtain the pre-Betti structures of V and V\. Moreover, it is easy to observe that iIj{V) and E{V) are 
also naturally equipped with pre-Betti structures such that the morphisms and bi (i = 1,2) are compatible 
with pre-Betti structures. 

Betti structure of a holonomic I'-module Let be a holonomic 2?-module on {X,D) such that V := 
Ai{*D) is a meromorphic fiat bundle. Let {J-,a) be a pre-Betti structure oi A4. It is called a Betti structure, 
if the following holds: 

• The induced Q-structure on DR(V|x-_d) induces a good Q-structure of V. As remarked above, we have 
the induced pre-Betti structures on V and V\. 

• The natural morphisms oq and 69 a-i'e compatible with the pre-Betti structures. 

Note that we obtain a pre-Betti structure on (piM) from the expression as the cohomology of the complex ([3]), 
and the morphisms var and can are compatible with the pre-Betti structures. The pre-Betti structure of M 
can be reconstructed from the pre-Betti structure of 0(A^) and the good Q-structure of V. 

1.1.3 Higher dimensional case 

We would like to generalize it in the higher dimensional case in a naive way. 
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Good meromorphic flat bundle and good Q-structure Let X be a complex manifold with a simple 
normal crossing hypersurface D. Let (V, V) be a good meromorphic flat bundle in the sense that it is equipped 
with a good lattice as in [33]. (See also [33], and [M].) Asymptotic analysis for meromorphic flat bundles on 
curves can be naturally generalized for good meromorphic flat bundles (see [13], [3S], [23]). Let tt : X{D) — > X 
be the real blow up along D, which means in this paper the fiber product of the real blow up at each irreducible 
component taken over X. Let C be the local system on X{D) associated to V^x-d- For any point P S tt~^{D), 
we have the Stokes filtration of the stalk Cp. We can reconstruct V from V\x-d and the system of filtrations 
{j-"'^ I P G n~^{D)^. We obtain the constructible subsheaf C-^ of C which consists of flat sections with the 
growth of polynomial order, i.e., — T^q{Cp). Let be the constructible subsheaf of £, which consists of 
flat sections with exponential decay along D. (It is also described in terms of Stokes filtrations. See Subsection 
15.1.21 ) We have natural generalization of the isomorphisms ([T]). For a holomorphic function g on X such that 
g^^{0) = D, we obtain Px-modules V\, 'tpgiV) and Sg(F) with morphisms as in ([2]). 

As in the one dimensional case, we say that V has a good Q-structure, if £ has a Q-structure such that the 
Stokes filtrations are defined over Q. Then, the I?x-niodules V, V\, ^g{V) and ipg{V) are naturally equipped 
with pre-Betti structures, and the natural morphisms are compatible with pre-Betti structures. 

Remark 1.1 We have resolution of turning points for any algebraic meromorphic fiat bundles |32| . |33j . 
Namely, let (V,V) be an algebraic meromorphic fiat bundle on {X,D), which is not necessarily good. Then, 
there exists a projective birational morphism ip : {X' ,D') — > {X,D) such that </3*(F,V) has no turning points. 
In [20] , Kedlaya showed the existence of a resolution of turning points for meromorphic flat bundles on complex 
surfaces. Recently, he established in the case of excellent schemes. He also showed a local claim in the case of 
complex manifolds. See |21) . I 

Cell and induced pre-Betti structure Let P be a point of X. For any closed analytic subset W of X , let 
dimp W denote the dimension of W at P. Let be a holonomic P- module on X with dimp Supp Al < n. An 
n-dimensional good cell of at P is a tuple [Z, U, cp, V) as follows: 

(Cell 1) if : Z — >■ X is a morphism of complex manifolds such that P € p{Z) and dimZ = n. There 
exists a neighbourhood Xp of P in X such that ip : Z — > Xp is projective. We permit that Z may be 
non-connected or empty. 

(Cell 2) U d Z is the complement of a normal crossing hypersurface Dz- The restriction ip^u is an immersion. 
Moreover, there exists a hypersurface H of Xp such that tf^^{H) = Dz- 

(Cell 3) y is a good meromorphic flat bundle on {Z,Dz). For a hypersurface H as in (Cell 2), we have 
A4{*H) — ipfV and A4{IH) ~ (pfV\. The restriction of V to some connected components may be 0. We 
obtain the natural morphisms ip^V\ — > A4 — > ^^V. 

(The conditions are stated in a slightly different way from that in Subsection lT.l.lH A holomorphic function g on 
X is called a cell function for C, ii U — SuppA^ \ g~^{0). We set gz ■— V~^(5)- We have natural isomorphisms 
(p-^Eg^{V) ~ Egip^{V) and (p^^/jg^{V) ~ '4'gip-^{V). The I?x-niodule (l)g{M) is obtained as the cohomology of the 
complex: 

ip^Vi — >Eg(p^{V)iS)M — > ip^V (5) 
We also have a description of A4 around P as the cohomology of the complex: 

Mp^v) Egi^^v) ® MM) Mv^v). 

Let be a pre-Betti structure of A^. Let C = [Z, U, (p, V) be a good n-cell of M at P. We say that J" and 
C are compatible, if the following holds: 

• The induced Q-structure of V^u is good, i.e., compatible with the Stokes filtrations. It implies that ip-!jV, 
ip^Vi, EgpjfV and ipgP^V are equipped with the induced pre-Betti structures. 

• The morphisms p^V{ — > M — > p^V are compatible with pre-Betti structures. 

Such a cell C is called a Q-cell of M at P. Since (l)g{M.) is the cohomology of the complex ([S]), we have the 
induced pre-Betti structure on (f)g{M). 
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Inductive definition of Betti structure Let us define the notion of Betti structure of M at P, inductively 
on tlie dimension of SuppA^. In the case dimpSuppA^ = 0, a Betti structure is defined to be a pre-Betti 
structure. Let us consider the case dimpSuppAJ < n. We say that a pre-Betti structure of is a Betti 
structure at P, if there exists an n-dimensional Q-cell C = {Z, ip, U, V) at P with the following property: 

• climp ({SuppMnXp) \(p{Z)) < n for some neighbourhood Xp oi P in X. 

• For any cell function g for C, the induced pre-Betti structure of 4)g{M) is a Betti structure at P. 

A holonomic P-module with Betti structure is called a Q-holonomic 2?-module. The category of Q-holonomic 
2?-modules is abelian. 

Remark 1.2 The above definition is slightly different from that given in Subsection \7.2[ I 

1.2 Main purpose 

It is our main purpose to show the functoriality of Betti structures. 

Theorem 1.3 The category of Q-holonomic algebraic D-modules is eguipped with the standard functors such as 
dual, push-forward, pull-back, tensor product, and inner homomorphism, compatible with those for the category 
of holonomic algebraic 'D-modules with respect to the forgetful functor. 

It is not so trivial to show that obvious examples are Q-holonomic X'-modules. 

Theorem 1.4 Let X be a complex projective manifold with a simple normal crossing divisor D. Let V be a 
good meromorphic flat bundle on {X, D) with a good Q-structure. Then, the associated pre-Betti structure of V 
is a Betti structure. 
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2 Preliminary 

2.1 Notation and words 

2.1.1 Dual, push- forward and de Rham functor 

We prepare some notation. See very useful text books [13] and [18] for more details and precise on P-modules. 
Let X be a complex manifold with dim X = dx ■ Let T>x denote the sheaf of holomorphic differential operators 
on X. In this paper, Pj^-module means left Pjf-module. Let Hol(X) be the category of holonomic T>x- 
modules, and let D^^^{T>x) be the derived category of cohomologically holonomic 2?x-complexes. Let il^ 
denote the sheaf of holomorphic j-forms. The invertible sheaf is denoted by fix- The dual functor on the 
derived category of 2?x-modulcs is denoted by Bx, i.e., BxM' := RHomv^{M' ,Vx ® ^%~^)[dx]- Recall 
that DxA^ is a holonomic Pjf-module, if is a holonomic Pj^-module. For Pj^-modules Ali {i = 1,2), the 
tensor product AJi ®Ox -^2 is naturally a P^-module. For a tangent vector field v, we have v{mi ® TO2) = 
{vmi) ® 777,2 + 777i ® {vm2) . The I?x-module is denoted by Mi ®^ M.2- It is also denoted by Aii ® M2, if there 
is no risk of confusion. 
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Lemma 2.1 Let M be a holonomic 'Dx-module. Let V be a "Dx -module, coherent and locally free as an Ox- 
module. Its dual is denoted by . Then, we have a natural isomorphism 

Dx{M «)-° V) ~ {BxM) <S)" 

Proof We recall Remark 3.4 in [18]. For a left Vx-module J\f, we have the left I?x-action on Vx ®^ Af- It 
is also equipped with a right 2?x-action given by the multiplication {f ® m) • g = f g ® m for g e Vx- The 
two-sided (r>x,2^x)-niodule is denoted by Ni- Similarly, we have a left action of Vx on Vx ®Ox ^ iS^^ 
Ojsf-module structure of Vx is given by a right multiplication) given by the multiplication g ■ (f ® m) = gf ®m 
for g G Vx, and a right I?x-action given by {f ® m) ■ v = fv®m — f® vm for a tangent vector v. The 
two-sided (I?x, 2'x)-inodule is denoted by We have a naturally defined Ox-morphism A/" — > Ni given 
by m I — > 1 ® m. It is naturally extended to a morphism of left 2?x-niodules M2 — > A/i. Actually, it is an 
isomorphism and compatible with the right 2?x-action, as remarked in [T8] . 

We have two left 2?x-actions on Vx ® ^'x~^- The first one is the natural one, and the second one is induced 
by the right Px-action. They induce two Ox-actions. Let {Vx ® ^'x~^) ®hx denote the tensor product 
with respect to the i-ih. one. Each is equipped with two left I?x-actions. From the consideration in the previous 
paragraph, we obtain a natural isomorphism l : N {Vx fi^"^) — > N {Vx ® ^x~^)' compatible 
with the 2?x-actions. 

Let us return to Lemma I^TTl We have the following natural isomorphisms of 2?x-niodules: 
Bx(>f ®^ V) = RHomvx {M (E>^ V, Vx (E> ~ RHomvx [m, V «)^^ (Vx (E> 

~ R-Hornvx [m, {Vx ® = (DxM) ®" V (6) 

Here, the first one is obtained by using Godment type injective resolution, and the second one is induced by i 
above. I 

For any field R, let i?x denote the sheaf on X associated to the constant presheaf valued in R. Let 
D^{Rx) denote the derived category of cohomologically constructible i?x-complexes, and let Per(X, i?) denote 
the category of i?-perverse sheaves. Let ujx,r denote the dualizing complex of i?x-niodules. It will be denoted 
by uJx, if there is no risk of confusion. The dual functor on the derived category of i?x-modules is also denoted 
by Dx, i-e., for a i?x-complex J"*, let Dx-F* := RTiomRx ,^x.r)- 

The de Rham functor is denoted by DRx, i.e., DRx Vtx ®t)x ^ ~ ^'x ®Ox J^[dx]- According 

to [15j . it gives a functor of triangulated categories DRx : Dl^^{Vx) — > Dl{<Cx) compatible with the t- 
structures, where the t-structure of D'^^^^{Vx) is the natural one, and the i-structure of DJ(Cx) is given by the 
middle perversity. In particular, it induces an exact functor DRx : Hol(X) — > Pcr(Ar, C). We can identify 
UJx = ^^x Ox[dx]- It is easy to observe that DRx = implies A4 = for A4 e IIol(X). Hence, 
DRx : Hol(Ar) — > Per{X, C) is faithful, although it is not full in general. 

Let F : X — > y be a morphism of complex manifolds. The push-forward for Cx-complexes in the derived 
category is denoted by RF^,. (It is also denoted by F*, if there is no risk of confusion.) Its i-th perverse 
cohomology is denoted by F^. Put 

Vx^Y Ox ®F-^o^ F'^Vy, Vy^x := ^x ®f-^o^ F'^Vy n'^'^). 

The push-forward for 2?x-complexes is denoted by Fj, i.e., F^M = RF^,{Vy^x ®Vx ■^)- I^s i-th cohomology 
is denoted by F^. 

Recall that these functors are compatible on the derived category of cohomologically holonomic 2?-modules. 
Let F : X — > Y be a proper morphism of complex manifolds. We have natural transformations 

DRyoFf ~ oDRx, Dx o DRx DRxoDx, DyoF|~F|0©x- 
We have the following diagram, which is commutative as shown in |40| . 

i?F,©xDRx ~ > i?F*DRxID)x ~ > DRy F|©x 

]D)yi?F, DRx ^ DyDRyF| ^ DRyDy^i. 
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2.1.2 Hypersurface 

For a hypersurface D C X, let Ox{*D) denote the sheaf of meromorphic functions whose poles are contained 
in D. For M S Hol(X), we have M{*D),M{\D) e Hol(X) given as follows: 

M{*D) ■.= M(g>Ox Oxi*D), M{ID) := ©^((iD'xX) (*£>))■ 
We have naturally defined morphisms: 

M{ID) — >M -^M{*D) 

If D is given as the zero set of a holomorphic function /, they are denoted by M{*f) and A4(!/), respectively. 
They are also denoted by j^,j*A4 and j\j*A4, where j : X — D — > X. Note that (★ = *, !) are exact 
functors on Hol(X). 

We put Vxi-tD) '■= T^x ® Ox{*D). A I?x(*D)-module M is called holonomic, if it is holonomic as a Vx- 
module. Let Hol(X(*£')) be the category of holonomic I?x(*r>)- modules, which is a full subcategory of Hol(X). 
The dual functor on Hol(X(*£))) is denoted by ^x(*d), i.e., Djf(*D)(A^) = Iix{M){*D). 



2.1.3 Pre-/ir-holonomic 2?-modules 

Let be a holonomic Px-module. Let if be a subfield of C. A pre-iiT-Betti structure of is defined to 
be a if-perverse sheaf F with an isomorphism A : F ®k C ~ DR^A^- Such a tuple {M.,F,\) is called a 
pre-iiT-holonomic I?x-niodule. We will often omit to denote A. A morphism of A'-holonomic Px-modules 
(A^i, J^i) — > (A1 2,-7^2) is defined to be a pair of a morphism of P^-niodules M.i — > M.2 and a morphism of 
perverse sheaves J-i — > T2 such that the following induced diagram is commutative: 

Tx®k'^ ~ > DRx(A^i) 

The following lemma is clear. 

Lemma 2.2 The category of pre-K -holonomic D x -modules is abelian. I 



Let be a pre-A'-Betti structure of A4. We have induced pre-AT-Betti structures BJ^ and F^T of HAi 
and F^M, where F : X — ^ F be a proper morphism. We put B{M,F) := {BM,'DF) and F^{M,F) := 
{F^M,F^F). 

Lemma 2.3 The isomorphism I}F^A4 ~ A|DA^ is compatible with the induced pre-K -Betti structures. 
Proof Because ([7]) is commutative, we have the comniutativity of the following naturally induced diagram: 

DRBF^M — ^ BF^DRM — ^ BF^F(E}C 



BRF^DM — ^-^ F^BBRM — ^-^ F^DF ( 
It means the claim of the lemma. 
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2.1.4 Formal completion 



Let y be a real analytic manifold. Let Cp' denote the sheaf of C°°-functions on Y. For a real analytic subset 
Z, let Cy^^ denote the subsheaf of Cy which consists of the sections / such that the Taylor expansion of 
/ at each point P <E Z are 0. We set '■= Cy jCy"^^ . We have other descriptions, (i) It is the sheaf of 



Whitney functions of class C°° on Z, i.e., sections of oo-jets along Z satisfying the conditions in Theorem 
1.2.2 of [27]. (ii) Let 'I.z,oo be the ideal sheaf of Cy corresponding to Z. Then, is also isomorphic to 
^C??/Xf^^. (See the proof of Theorem 1.4.1 of [I^.) For any Cf-module J", let T^g denote T ®c|? 
Let Zi (i = 1,2) be real analytic subsets in Y. According to Corollary IV. 4. 4 of 27 , the natural sequence 
— > C°2 — . — >Cf ®C'S' — > C°2 — . — ^ is exact. 

Z1UZ2 Z-i Z2 ZiHZ^ 

Let Zi [i e A) be real analytic subsets of Y . For any subset / C A, we put Zi Hie/ ^i- We put Z{I) := 
Ujgj Zi. We fix a total order on A. For J C K C A, we have the restriction rj^K ■ C"- — > . li K ^ ^Ll {i}, 

we put ti{J,K) := {fc e J| fc < ^} and dj,K := (-1)"(-^'^Vj,k. We set /C™(C||^^) := ©, jc/ • The 

above morphisms djx induce : ^"'(^fl/)) — ^ Thus, wc obtain the complex By 

using the exactness in the previous paragraph, it can be shown that the natural inclusion — > ^"(^5^, ,J 

z(i) Z(I) 

induces a quasi-isomorphism C^^^^ ~ ^*(^F(/))' ^'^^ example.) 

Let AT be a complex manifold. For a complex analytic subset Z, we set Og ^m Ox , where Iz denote 

the ideal sheaf of Z . We set Vl*-* := fl''*- which is equipped with the differential operators d and d. If Z is 

z x\z 

smooth, it is easy to see that the natural inclusion Og — > $7^* is a quasi-isomorphism. 

Let D be a simple normal crossing hypersurface with the irreducible decomposition D = UigA^^- By 
the above procedures, we obtain the complexes /C* (Ojjj.^^) . It is known that the natural inclusion — > 
1C^{Oq^j^) induces a quasi-isomorphism Oq^j^ ~ JC' {Of^f^j^. (See [TO] and 03].) We also have ^^'^^ — 
Then, we obtain Oq^,^ c 

2.2 Beilinson's construction of some functors 

Let us recall Beilinson's beautiful construction of nearby cycle functor, vanishing cycle functor and maximal 
functor, which is crucial in this paper. See [3] for more details and precise. 



2.2.1 Preliminary 

Let be a field of characteristic 0. Let A := k{{s)) and := s'fc|s]. The multiplication of s induces a nilpotent 
map Na of A^-'^ := j AK Let 3 :— A® Og^ be a meromorphic flat bundle on G„i :~ Spec of infinite 

rank, equipped with a connection given by 




a G A. 



We have the fiat subbundle 3* := A^ ® Oq^- We formally set 3"°° = 3. We set 3'"''' := 3^/3'' for a < 5, 
and formally 3"^'°° := J''. We have a natural morphism 3"''' — > 3'^''* for a > c and b > d. We have a natural 
isomorphism ~ 3°'^ = Og™ given by < — > 1. 

This construction makes sense also in the analytic situation, in which multi-valued flat sections are formally 
given by a ■ exp(— slogt) for a G A. 



2.2.2 Nearby cycle functor and maximal functor 

Let A be a complex manifold with a hypersurface D. Let F be a hypersurface of X. Let j : X — Y — > X 
denote the inclusion. Functors and jij* for holonomic I?x(*_D)-niodulcs M are given as follows: 

j,j*M := Mi*Y), ju*M := Bx{j*j*BxM){*D) = {MOY))i^D). 
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We have a naturally defined morphism M — > j^j* M. 

Let / be a meromorphic function on {X, D), i.e., the pole of / is contained in D. We set := f*3°''^{*D), 
which is a meromorphic flat bundle on (X, /~^(0) U £>). Let j : X — /~^(0) — > X. For a holonomic 'Dx{*d)- 
module A4, we obtain the following holonomic 2?x(*_d)- module: 

M"/ ■.= M^ 3f = j,f {M ^ 3"/) 

Put Iiy!'M := jifM"/ and W/^M := j^fM"/. In the case 6 = oo, they are denoted by UJM and UJ^M. 
Beilinson defined the functors ^y."'' and S^''' as follows: 

In the case a = 0, they are denoted by ipfM and EfAi, respectively. The multiplication of s naturally induces 

isomorphisms tp^^^ M ~ ^^-^^^'A^ and S^^-'A^ ~ S^^^^'a^. They will be implicitly identified. We have the exact 
sequences of holonomic I?x(*D)-modules: 

> ny.^'+^M Ef^M ^pf^M > 

> i^'f+'^M Ef'>M ny:+'M > 

The multiplication of s and the endomorphism Cj"'' o dff^ induce an endoniorphism Af(''+^' of ■0^"^^-'^^. 

Recall the important observation limn|^;''A^ ~ limnj'^''Al =: 11/ due to Beilinson. See [3] for lim. In 
particular, it implies that iV(°+^-' is nilpotent. We also obtain the following morphism of exact sequences: 

> njM > UfM > ILJ^'^'M > 

1 4 'l 

> Wj-^M > UfM > UJ^-^M > 

Hence, we have a natural isomorphism Cok^HyiA^ — > H'j.^Aij ~ KeT(llJ,°°'°'A4 — !• 11^^°°'''^ In particular, 
we have the following identifications: 

^fM~KeT{njr'''M^nj^'''M), 4°^X-Ker(n-°°'''+iA1 ^n-f'^Al). (8) 

Remark 2.4 When we distinguish that we work on the category of 'Dx(*D)-''T^odules, we will use the symbols 
ijf{M,*D), Ef\M,*D), etc.. I 

2.2.3 Vanishing cycle functor and gluing 

Let / be as above. Let Mx be a holonomic I?x(*D)-module such that Mx{*f) = A4. We have the natural 
identifications II^^^^'A^x — H^^^^'A^ for ★ = ! and the naturally defined morphisms: 

Il}f+'M Mx n^f+^x 

Beilinson defined the vanishing cycle functor cp^^^Adx as the iJ^-cohomology of the following sequence of holo- 
nomic 2?x(*_D)-niodules: 

mr+^Ai — ^ Ef^M®Mx ~ — ^ mf+^x 
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The morphisms di and C2 induce can and var: 

/ (a+l) . , can .(a) . . var , (a) . , 
Ipf 'M > <j)j 'M > V) -M. 

By construction, we have var o can = Cj"'' o df^^ . 

Conversely, let Aiy be a holonomic (*n)"niodule whose support is contained in y = /^^(O), with mor- 
phisms such as 

^fM^My^i^fM, vou = cfKdf\ 
Then, we obtain a holonomic I?x(*_d)- module Glue(A^y, u, w) as the cohomology of the complex: 

^fM Ef{M)(BMy ^ i^fM 

Beilinson made an excellent observation that the above two operations are mutually inverse. See [3 for more 
details. 

2.2.4 Comparison with ordinary definitions 

Let tpf,-i and </>/ be ordinary nearby cycle functor and vanishing cycle functor defined in terms of y-filtrations 
[T7] , i.e., tljf-i{M) = Gr^jAI and (j)f{Mx) ■— Gtq Mx- For simplicity, tpf-i is denoted by -0/ in the 
following. 

Lemma 2.5 We have natural isomorphisms ipf ~ "0/, o,i^d <j)f ~ 0/. 

Proof Recall that 4)f{M.x) and 4'f{M.x) arc naturally equipped with the nilpotent endomorphisms N , which 
is the nilpotent part of the multiplication of —dtt. We have natural identifications: 

The natural nilpotent endomorphisms are given hy N ® id — id (X)(s»), which is denoted by — s. Here, s» 
denotes the multiplication of s on A°-'^ . In the following, we argue on any compact subset of X. 

Let us look at the natural morphism G"''^ : Ii"jfM — > Hy^M. The supports of the kernel and the cokernel 

are contained in /~^(0). The morphism tpfifi""'^) : 4>f{jl°jfAi) — > (j)f{jiy^M) is naturally identified with 
N — s : ipfM. ® A°-^ — >• il^fM ® A"-'^. Hence, if 6 is sufficiently larger than a, Cok(C''') is isomorphic to 
ijifM ® ^ independently of b. Therefore, we obtain ^/'jf-'A^ ~ ififAA ® ^"'"+1. In particular, we naturally 

have VJ°^A^ =?A/A^. 

It follows that Cok are independent of any sufficiently large M, which should be 

isomorphic to S^^'x. We obtain ^f{Ef^M) ~ Cok(^N - s : ipfM ® A''+^^^'' — > ^PfM ® for any 

sufficiently large M. Because (j)^^\A4x) is naturally isomorphic to the cohomology of the complex 

it is easy to obtain (j)'j^\A4) ~ 4>f{M) by a direct calculation. I 

As was observed in the proof, on any compact subset of X, we have the following identifications for any 
sufficiently large M: 

^pf^M = Cok(n}f+^'M — > H^f+^'A^) , Ef^M = Cok(H;+i'"+*^X n;.f (9) 
Similarly, on any compact subset of X, we have the following identifications for any sufficiently large M: 

ipfM = Ker(n;r*''"X U}-^' ''M^ , sf^M = Ker(ll}7^''''+^ M U^^^'^'^M^ (10) 
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2.2.5 Compatibility with dual 

In [3], the pairing Ax A — > k = A^^ jAP is given by (/(s), g{s)) = ReSs=o(/(s) 5(— s)ds). It induces pairings 
^a,b ^ j^-b-a — ^ Then, we obtain flat pairings 3 (g) 3 — > 3^^'° and 3"''' «> J"*"'"" — > We can 

identify 3°'^ with the dual of J-^--'^ by the pairing. 

Let D denote the dual functor on the category of holonomic I?x(*n)-iiiodules. By using the I?x(*d) -version 
of Lemma 12. 11 we obtain identifications: 



By @ and (jlOp . we obtain the following identifications: 

Bi;f{M)^i!f{BM) DEf{M)^Ef{DM) D<j>f{M)^(l)f{DM) 

2.2.6 Compatibility with push- forward 

Let F : X — > y be a proper morphism. Assume that D = F^^(Dy), for simplicity. Let 5 be a holomorphic 
function on Y. Let be a holonomic Pjf (*£i)-inodule. We set g :— F*g. Let jy : Y — g'~^{0) — > Y and 
jx ■■ X - ig^HO) — > X- We have natural isomorphisms F^{M ® 3-''') ~ F^{M) ® Jg-'' of Pyf^^i )-modules. 
By a general theory, we have (jV^jy)-?! = F^ o {jx*jx) f^'' *=*,!• Hence, it is easy to obtain the following 
identification: 

F;^PgM = ^gF;M F^EgM^EgF^M F\4>gM ^ ^gF^M 



2.2.7 Choice of a function 

Let / and h be meromorphic functions on {X,D). Assume that h is nowhere vanishing. We have natural 

'f - -^hf 



isomorphisms of Ojc-modules ~ 3^'^ ~ A"- '' ® Ox(*D){*f )- For their flat connections V/ and V^/ and for 



a e A"" , we have the formulas: 

df „ fdf dh 

V fa = a - s— Vhfa = a - s [ — + — 

We have the flat isomorphism $ : 3^'^ ~ 3^^^ given by = exp(— slog/i) a. It induces isomorphisms: 

Ef^c^Ei^j, <t>f'^At (11) 

They depend on a choice of the branch of log h. 

2.2.8 Q-structure of 3 

In the analytic case, the Q-structure of A'^'^ is given as follows: 

C • s^' D Q • (27rV^)^'s^' 

It gives a Q-structure of the fiber of 3"''' over 1 S C*. We would like to extend it to a flat Q-structure of the 
flat bundle 3|c*- Let u := 2tt\/—1 s. The connection of 3°''' is expressed as 

vK,...,u''-i) = K,...,w^-i)-iV; ^ 



27rV^ t 

Here, N denotes the constant matrix such that Ni^i+i ~ 1 and Nij = otherwise. Since the monodromy is 
expressed by exp(— iV), the Q-structure is well defined. More generally, for any subfield K C C, we obtain a 
iC-structure of 3"''' in this way. 

Note that the pairing (•, •) is not defined over Q. We have the following formula: 

(/(u), g{u)) = Res(/(M) g{-u) du) 



u=a\ ' / 27rV-l 

Namely, the pairing (•, •) is valued in the Tate twist Q(— 1) = (27r\/— l)^-'-Q. 
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2.2.9 Comparison with the functors for perverse sheaves 

Let Loc(3)q denote the Q-local system associated to 3. The fiber over 1 is Q((u)), and the monodromy along 
the loop with the clockwise direction is given by the multiplication of exp(u). Recall another expression of this 
local system as in 3 . 

Let A-p := Q{{v)). We set t := v + I. The pairing A-p x A-p — > Q(^l) is given as follows: 

{fit),git)) ^Res[f{t)git-')j)^-^ 

We have a Q-local system 3-p on C* such that the fiber over 1 is A-p, and the monodromy along the loop 
with the clockwise direction is given by the multiplication of t = 1 + v. Let us compare 3p> and Loc(3)q. 
We take an algebra homomorphism <i> : Q((m)) — > Q((^^)) determined by <i>(exp(u)) = 1 + ti. We identify the 
fibers of Loc(Of)Q and 3-p by $. Because it is compatible with the monodromies, it induces the identification 
Loc(3)q ~ 3v Note that = and <^{du) = dt/t. Hence the pairing is preserved. 

Remark 2.6 Recall that the functors ip, S and (p for perverse sheaves are given in terms of 3-p, according to 
[3] . Hence, the above comparison gives the compatibility of the de Rham functor DR with (f>, tp and S in the 
regular singular case. I 

2.3 A resolution 

This subsection is a preparation for the proof of Theorem 18.11 



2.3.1 Commutativity of push- forward in the non-characteristic case 

Let be a holonomic I?- module on a complex algebraic manifold X. We have natural isomorphisms 

M{*D) ~ M ®Ox Ox{*D), J3x({PxM){*D)^ ~ X Ox{\D). 

If a hypersurface D <Z X is non-characteristic to A^, we obtain M.{\D) ~ ® Ox{^-D). 

Lemma 2.7 Let Di (i = 1,2) be hypersurfaces of X. If Di {i = 1,2) and Di H D2 are non- characteristic to 
M, we have a natural isomorphism: 

{M{*D,)) {ID2) ~ (MilD^)) (*A) (12) 

Proof Note that Ch(A^(*£>i)) = Ch(AJ) U Ch(ii*i|AJ), where ii : Di — > X. We have a stratification 
Supp Ai =UZi such that Ch{M) ^U^z^X. We obtain a stratification Supp AJ = U(^» \ ZJi) U n Di), 
for which we have the following: 

Ch(X(*Di)) =[]T*^\^^Xu]Jr|^nz3,^ 

Hence, D2 is non-characteristic to A4 (g) 0{*Di). Similarly, we can show that Di is non-characteristic to 
M (E) 0{ID2). Then, the both sides of ([12]) are naturally isomorphic to M (E) 0{ID2) (E) 0{*Di). I 



2.3.2 Trans versality 

Let A^ be a holonomic P-module on a complex algebraic manifold X. There exists a stratification Supp(Al) = 
UiGA such that (i) each Zi is a smooth locally closed analytic subset of X, (ii) Ch(A^) = YiieA T'^.X- 

Lemma 2.8 An analytic subset W d X is non- characteristic to Ai, if and only if W and Zi are transversal 
for any i G A. 

Proof For P e WCiZi, we have subspaces {T^^X)\p and {T^X)\p of (T*X)^p. Then, W and Zi are transversal 
at P if and only if {T^X)^p n (r^o^)|P = {0}- Then, the claim of the lemma is clear. I 
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2.3.3 Non-characteristic tuple of hyperplane subbundles 

Let £ be a locally free sheaf on a complex algebraic manifold Y. We put X := P{£) with the projection 
G : X — > Y. The zero set of a section of Opfgyyi^) is called a hyperplane subbundlc of X. 

Let be a holonomic Pj^-module. Let H :— {Hi, . . . , Hjy) be a tuple of hyperplane subbundles of X. We 
say that H is non-characteristic to A4, if Hj := Hie/ Hi are non-characteristic to M for any / C {1, . . . , N}. 
We can show the following lemma by a standard argument of genericity. 

Lemma 2.9 Let H = {Hi, . . . ,Hn) be non- characteristic to Ai. We can take a hyperplane subbundlc H^^i 
such that {Hi, . . . , i/jv, i/jv+i) is also non- characteristic to A4. I 

Recall the following general lemma. 

Lemma 2.10 Let {Hi,H2) be a tuple of hyperplane bundles of X , which is non- characteristic to Ai. Then, 
G\{M{*HilH2)) = for any i ^ 0. 

Proof Let Aii {i — 1, 2) be holonomic I?x-niodules, to which Hi is non-characteristic. It is easy to show that 
G'^Mi{*Hi) = for any i > 0. By using the duality, we obtain that (A^2(!-ff2)) = for any i < 0. Then, 
the claim follows from Lemma [2771 I 

2.3.4 A resolution 

Let X, Y and A4 be as in Subsection 12.3.31 Let H = {Hi) be a tuple of hyperplane subbundles of X, non- 
characteristic to A4. Let i := {1, . . . ,i}, and let iHi denote the inclusion Hi C X. We put A/o := Ai{*Hi). We 
also put Ci :— LHi]L*H.Ai, and Mi :~ Ci{*Hi^i). We have the natural exact sequences: 

— >M — >Afo — >Ci — >0, — >C^ — >M — > C,+i — > 

Hence, we obtain the following exact sequence: 

— ^ X — ^ A/'o — >Afi~^ >J\fn~^--- 

Let H' = {H'j ) be a tuple of hyperplane subbundles of X such that H U H' is non-characteristic to A4 . We 
set Qifi := Ni{\H'i). We also put /Ci,_j := i^H'.'jt'H'Afi and Qi.-j ■= /C,;^-j We have the natural exact 
sequences: ~ ~ 

^ /c,,_i Q,,o ^ M 0, ^ ^i.-j-i Q^.-J ^1.-3 

Hence, we obtain the following exact sequences: 

^ M ^ Q^fi ^ Q^,-l ^ Q^,-2 < 

By construction, we have the naturally defined morphisms Qi,-j — > Qi+i.-j and the commutative diagrams: 

Qi-j+i Qi+i-j-\-i 

Let Tot(Q,^,) denote the total complex of the double complex Q»,». We have natural quasi-isomorphisms 
Tot(Q.,.) -^U.*^M. 

3 Good holonomic X>-modules and their de Rham complexes 

3.1 Good holonomic D-modules 
3.1.1 I-good meromorphic flat bundle 

We put X := A", A {zi = 0} and D := IJ-^i A- For I C £, we set D{L) := [J.^j Di and Dj := fl.e/ A- 
We put dDj := Dj D D{I'^), where I'^ '■= L— I- Let M{X, D) be the set of meromorphic functions on X whose 



12 



poles are contained in D. Let H{X) be the set of holomorphic functions on X. Let I C M{X,D)/H{X) be 
a good set of irregular values. For I C £, let I' (I) be the set of the elements a E I which are regular along Zi 
{i e /), and we put := {o|£,, | a G 

Let A" = {(zy™, . . . , ^y™, z,+i, . . . , z„)}, Z?f") := {zf'' = O} and = UliA^"\ i-e. 

jj-(in) — ^ X is a ramified covering along D. We have the induced ramified covering I?^™' Hie/ -Dj-'""* — > Dj. 
Let I C M{X'^"^\D^"^^)/H{X^"^^) be a good set of irregular values. Let I C £. A mcromorphic flat bundle 
£ on {Dj, dDj) is called I-good, if it is the descent of an unramifiedly good meromorphic flat bundle f^™) on 
iD'i''\dD'f'^) whose set of irregular values is contained in 

In this subsection, we use the following notation for simplicity of the description. 

Notation 3.1 The vanishing cycle functor (j)^- is denoted by 4>i. We use the symbols ipi, Sj and H"^'' in similar 
meanings. For a holonomic 'Dx-module Ai, we set Ai{*i) := Ai{*Di) and Ai{\i) :— AA{\Di). If we are given 
a subset I C £, we put M{ll) := M{\D{I)) and M{*I) := M{*D{I)) . I 

Lemma 3.2 Let £ be an T-good meromorphic flat bundle on {X, D). If i ^ j, the natural morphism 4n{£) — > 
(j)i{£){*j) is an isomorphism. 

Proof It follows from a direct computation of the Kashiwara-Malgrange filtration along z^. We give only an 
indication. We use an order on C given by the lexicographic order on R x R and the identification C ~ via 
a i — > (Reajlma). For at = {ak \ k £ £), we can take a good lattice Ea of £ such that any eigen values (3 of 
ReSi(V) satisfy —ai < /3 < — — 1. Let ^VqT> denote the sheaf of subalgebras of T> generated by Ox, dk {k ^ i) 
and Zidi. Put -D(i^) :— Uj>ii j<f ^j- For a E C, take an a whose i-th component is a, and let ^Va{£) be the 
^Vbl'-submodule of £ generated by l^£ :— aE{*D{i'^)) ■ We can check that *K-q,_i(£) is generated by aE, where 
the i-th component of a is a, and the other components of a are larger than 1. Hence, we can deduce that 
^Va{£) are *VbI?x-coherent. We can also check that the induced action of —diZi — a on ^Va/'V^a is nilpotent. 
Hence, V(5) is the Kashiwara-Malgrange filtration of £ along Zi. Then, the claim of the lemma is clear. I 

Lemma 3.3 If i ^ j, the natural morphism £{li) — > £(\i){*j) is an isomorphism. 

Proof Let N denote the nilpotent part of the action of —diZi on 4>i{£). We have the following commutative 
diagram: 

> KeiN > £{li) > £ > CokiV > 

a b = c 

> KeriV(*j) > > £ > CokN{*j) > 

By Lemma |3.8[ we obtain that a and c are isomorphisms. Hence, b is also an isomorphism. I 

3.1.2 I-good holonomic 2?-modules 

We continue to use the notation in Subsection 13. 1.11 

Definition 3.4 A holonomic T>x-module M is called X-good on (X,D), if the following holds: 

• M(^D) is a good meromorphic flat bundle whose good set of irregular values is X. 

• For an ordered tuple I = (ii, . . . , im) where 1 < ij < £, we set (pj = (f)i-^ o ■ ■ ■ o (f)^^^ . Then, (f)j{A4)(^*I'^) is 
the push-forward of a good meromorphic fiat bundle on (Dj,dDj) whose set of irregular values is T.{I). I 

The full subcategory of I-good holonomic I?-modules is abelian, and it is closed under extensions. If y is a 
good meromorphic flat bundle, it is a good holonomic Pjc-module in the above sense. When we do not have to 
distinguish I, we will omit to denote it. We will implicitly use the following obvious lemma. 

Lemma 3.5 Let M be a holonomic 'Dx-module. Assume (i) A4{*D) is an T-good meromorphic fiat bundle, 
(ii) <j)i{M) are T-good for any i = 1, . . . ,£. Then, M. is T-good. I 
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Lemma 3.6 Let A4 be a good holonomic 'D-module on [X,D). Then, BxA^ is olso good. 



Proof We use an induction on the dimension of the support of A^. It is easy to check that DxA^(*-D) is 
a good meromorphic flat bundle. By the hypothesis of the induction, (f)i{PxM) — ^x<l>i{M.) are also good. 
Hence, we obtain that M is good. I 

For a good holonomic I?-module A^, let p[M.) € Z>o x Z>o denote the pair of dimSuppTM and the 
number of the irreducible components of Supp Ai with the maximal dimension. We use the lexicographic order 
on Z>o X Z>o. For a good holonomic P- module A^, there exists J C I with dim Supp 7U = n — \J\ such 
that Ai[*J'^) ^ 0. The kernel A/i and the cokernel J\f2 of the natural morphism A4 — > A^(*J^) satisfy 
p{M)<p{M) (1 = 1,2). 

Lemma 3.7 Let Ai be good on (X, D). Then, ipi{M) are also good for any i = 1, . . . , i. 

Proof We use an induction on p{A4). Let J and Afj (j = 1, 2) be as above. By the assumption of the induction, 
tpi{J\fj) (j = 1, 2) are good. It is easy to show that 'ipi{^M{*J'^)) is good by using the lattice as in the proof of 
Lemma 1321 Hence, we obtain that i/ji{A4) is also good. I 

3.1.3 Commutativity of the functor along the coordinate functions 

Let M be good on {X, D). 

Lemma 3.8 For i ^ j, we have natural isomorphisms 4'i{A4{*j)) ~ and (f)i(^Ai{lj)) ~ (j)i{A4){\j). 

Proof The second isomorphism is obtained as the dual of the first one. Let us consider the first isomorphism. 
We have the following naturally defined morphisms: 

Because the restriction of & to X — Dj is an isomorphism, it is easy to show that b is an isomorphism. Let us 
show that a is an isomorphism by using an induction on p{A4). As in the proof of Lemma |3.7[ the issue can be 
reduced to the case that is a good meromorphic flat bundle, which is given in Lemma 13.21 I 

Lemma 3.9 and A4{lj) are also good. 

Proof Because (/)j(A^(*j)) ~ ipj{A4), we obtain that is good from Lemmas 13.51 13.71 and 13.81 By using 

Lemma 1321 we obtain that A^(!j) is also good. I 

We have the following corollary of Lemma 13.91 

Corollary 3.10 Let f be a meromorphic function on (X,D) whose zero and pole are contained in D. Take 
D^^^ C D such that the pole of f is contained in D. The holonomic T>x-module Iiy^{Ai,*D^^^) is good on 
{X,D). Hence, ^f{M,*D^^^), Ef{M,*D'^^y) and (j)f{M,*D^'^^) are also good on {X,D). I 



We have the following naturally defined morphisms: 

M{*i){lj) M{*i){lj){*i) A M{lj){*i) 
It is easy to show that b is an isomorphism. 

Lemma 3.11 a is also an isomorphism, by which we can identify M{^i){\j) and M{\j)(H). 

Proof By using an induction on p{A4), we can reduce the issue to the case that A^ is a good meromorphic 
flat bundle, which is given in Lemma 13.31 I 

In the following, we will not distinguish A4{*i){\j) and A4{1 j){*i) for i ^ j, which will be denoted by 
M{*ilj). For L U J C £, we have the natural identification Ai{lI*J) ~ A^(*J!/), which will be used implicitly. 
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Lemma 3.12 We have the commutativity o — Sj o S^, ipi o ipj — Tpj o ip^ and (pi o <f)j = (pj o 0j . Moreover, 
the Junctors S^, ipj and (pk are mutually commutative, where i, j and k are mutually distinct. In the following, 
we will not care about the order of these functors for good holonomic V-modules on [X, D). 

Proof We obtain the natural identification Il'^f' o H'r'^, = Hj'^, o n"^'' from Lemma [3. Ill Then, the claim of the 
lemma is clear. I 

3.1.4 Globalization 

Let X be a complex manifold with a normal crossing hypersurface D. 

Definition 3.13 A holonomic Vx -module A4 is called good on {X, D), if the following holds: 

• Let P he any point of D . Let (U, zi, . . . , z„) be a coordinate neighbourhood around P such that D HU = 
Ui^ii-^i = 0}. Then, M.\u is good in the sense of DeUnition YiM I 

We obtain the following from the results in Subsections 13.1.2143^731 
Lemma 3.14 Let M be good on {X,D). 

• The dual DxM is also good on (X,D). 

• Let Z?^^^ (Z D be a union of some irreducible components. Then, and M.{\D'^^^) are also good 
on {X,D). 

• Let C I? (z = 1,2) be unions of some irreducible components such that dim7:>(i)ni:i(2) <dimX-l. 
Then, we have a natural isomorphism M{*D^^^){\D'^'^^) ~ A^(!£)(^))(*£)(^)). 

• Let f be a meromorphic function on {X, D) whose zero and pole are contained in D. Take D^^^ C D such 
that the pole of f is contained in D. Then, ipf{Ai, S/(A^, *D^-^^) and (pf{M., *_D*^^^) are also good 
on{X,D). I 

3.2 De Rham complexes 

3.2.1 De Rham complex with infinite decay 

For a complex manifold X, let denote the sheaf of C°°-{p, q)-iorms on X. For any analytic subset Z C X, 
we set 51-'' :— il^* <8)c~ C^. If we are given a normal crossing hypersurface D C X, we set 51 -''(*I?) :— 
^^2^ ®Ox We say that Di U D2 = D is a decomposition of D, \i Di <Z X {i = 1, 2) are hypersurfaces 

such that codimx(-Di H D2) > 1. In that situation, we say that D2 is the complement of Di in D. When we 
are given a normal crossing hypersurface D C X with a decomposition D = DiU D2, let il^^(*il2)^'^^ denote 
the kernel of f^^'C^Z^a) — > n^~\*D2). 

Let Dq be a normal crossing hypersurface of X with a decomposition _Do — DiU D2. Let be a holonomic 
■Dx-module. We define DR^^^-^^ Ai in the derived category D^'iCx) as follows: 

DR<^i-^^ M := 5i;^"'^'*<^i(*il2) (^vx ^ - (^-^a) ®Ox M[dimX] 

It is easy to observe that the natural morphism DR^'^^-^^ M — >■ DR^'^^-'^^ (A^(*Z?o)) is an isomorphism in 
D''(Cx)- We also have the following natural isomorphisms: 

DR<"'{DxM{*Do)) ~ n'^^"'^''{*D2)<^' (E)^^ DxM{*Do) 

~ Rnomvx{*Do){M, 5l'^*(*Il2)<^0 - Rnomvx{M, Q^^' i*D2)<''') (13) 
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3.2.2 The identification in the case of good holonomic I?-modules 

Let X and Di {i — 0, 1, 2) be as above. Let Z? be a normal crossing hypersurface such that Dq C D. Let A4 be 
a good holonomic 2?- module on {X, D). 

Proposition 3.15 If M{*Di) = M, the natural morphism DR^^'-^" Bj^X — > T)R^^^TD>xM is a quasi- 
isomorphism. 

Proof We have only to consider the case X = A" and D = lJi=i{^i = 0}- We have la C £ {a = 1, 2) such that 
Da = Uie/ {^i = 0}- By using an induction on p{M) (Subsection 13.1. 2p . we can reduce the issue to the case 
that Ai is the push-forward of a good meromorphic flat bundle on Dj for some J C £\ Ii as in the proof of 
Lemma [3.71 Moreover, we have only to consider the case is a good meromorphic flat bundle V on {X,D). 

Note that the induced morphism di : ipz.^-i{'DxV) — > 4'zii'^xV) is an isomorphism, which can be checked 
by using the lattices in the proof of Lemma [3.21 Hence, we have the following vanishing for any / C /i: 

Rnom-o^{V,OQ^{*D2)) ^ Rnomv^{Ox,BxV <S)Oq^{*D2)) =0 

Here, Dj Cluziizi — 0}. (Note Di for i = 1,2 in general.) Then, we obtain the vanishing 

Rnomv^{V,Og^{*D2)) =Oby using the standard resolution of Og^ in terms of Og^ (/ C Ii ) . (See Subsection 
12.1.41 ) Because the cone of il^"^^^ {*D2) — > 57^*(*I?2) is quasi isomorphic to f2^*(*D2) — O g^{*D2), we 
obtain the claim of the lemma. I 

Let be a good holonomic 2?-module on {X,D). Let Di C D. Applying Proposition 13. 151 to ^x-M{*Di), 
we obtain an isomorphism DR<^^ M ~ BRMilDi). Note M{lDi) ~ Dx(lQ'xA^(*£'i))- In particular, we 
obtain the following corollary. 

Corollary 3.16 Let D — Di U D2 he a decomposition. Let V he a good meromorphic flat hundle on (X,D). 
We have a natural isomorphism BR<°^{V) ~ BRx{V{lD){*D2)) ~ BRx{V{lDi)). I 

Lemma 3.17 Let Di and D'l he hypersurfaces of X such that (i) Di,D'i C D, (ii) dim(Z)i OD'i) < dimX— 1. 
We have the following commutative diagram: 

BRx M{\Di\D[) > BRxMQDi) 

I I 

DR<°'M{ID[) > DR<°'M 

I 

Proof It follows from the commutativity of the following: 

Rnom-v^{^xM{*D'(),^^^') > R'Homv^{OxM{*Di),VP^') 



RnomT,^{BxM{*D'{),n°/<°') > Rnomr,^ {BxM{*Di),n"/ (14) 

R'Homv^{BxM{*D'l),n°/^°') > Rnomv^{BxM{*Di),n"/ 

Here, we put D'{ := DiU D[. I 
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3.2.3 Duality 

We continue to use the notation in Subsection 13.2.21 For simplicity, we assume D = Dq. Let V be a good 
meromorphic fiat bundle on (X, D). Let us construct a morphism DR^^^-^" {V)xV) — > ©x DR^^'-^^ V. Let 
Qx denote the sheaf of holomorphic tangent vectors on X. We set 8^ := /\* Ox- Because V and fij^*^^^ {*D2) 
are I?x(*-D)-modules, we have a natural isomorphism: 

RHomv^ {V, n°'' (*L>2)) ~ Homv^ (t>x (E> Q'x V, Vx (E> Q'x (S) n^'' i*D2)^ . (15) 
By considering f^x'""^'* ^^^^fx (*£')' have the following morphism: 

Homv^ (t>x (g>Qx(E>V,Vx(E>Qx(^ (*£'2)) — > Homc^ (n'^' ® V, 9.'^' 

RHomc^ (dR<^^--°^(F), 17;^*<-°[dimX]) (16) 

By using the inclusion £7^*^^ C f^x*' obtain the following morphism: 

V)R<"'-'^''-{BxV) Bx DR<-°'--°^ F 

Note BxVi^D) = V^. 

Theorem 3.18 The following diagram is commutative: 



(17) 



(18) 



DRy^(!i:'i) — ^ nxT)R{v{\D2)) 



The vertical isomorphisms are given in Proposition 13.151 and G2 is induced by the natural isomorphism of 
T>-modules {\Di) ~ Bx (^(!-D2)) • (See Subsection \'i.l.'i\ ) In particular, Gi is also an isomorphism. 

Proof We have only to check the commutativity locally. Recall that we have used the identifications {\Di) ~ 
(DxV)(*£'2) and V{\D2) — (DxV^^)(*£'i) in the construction of the vertical arrows. Since an isomorphism 
Dx(V^(!-D2)) — > ^xV){*D2) is uniquely determined by its restriction to X — D, we can regard that Gj^^ is 
induced by "C'x(*£'2)'8)Ox" as follows: 

R'Homv^{nxV'^ {*Di), Vx®9%^^) RHomv^{V,Vx (E> n%-\*D2)) (19) 

Applying the de Rham functor to (jl9p . we obtain the upper horizontal arrow in the following diagram: 

RHomv^{BxV''{*Di), — ^ RHomv^ {V,n°^' {*D2)) 



bo 



61 (20) 



RnomTy^{BxV''{*Di), nY^""') i?Homp^(l/,r!^*<^i(*Z?2)) 

Up to shift of the degree, hi is the left vertical arrow in ([T^. and G3 = G2^ ■ We have the following commutative 
diagram: 

Rnomv^(DxV''{*Di), f7^*<^^) — ^ Rnomv^ (DxV' {*Di), fl^/'^ 

R'Homc^(l)R^^'{BxV'^), DRxf^x*^'"') > RRomc^ (bR^"' {BxV^) , DRx ^2^*) (21) 

Rnomc^(BR<^'-"'{BxV''), DRxf7^*<^') Rnomc^ (dR<"'-^' {BxV''), DRx f^x*) 
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Let us consider the following diagram; 

(22) 



ai 



The morphism 04 is given by ([T5]), (|16p and the inclusion f2^* — !• 57^* ^'^^ 

Lemma 3.19 T/ie diagram p2p is locally commutative, i.e., for any point P G X , there exists a neighbourhood 
of U such that p2p considered on U is commutative. 



Proof We set ■— 'Dx <8) ^, equipped with the I?x-action induced by the right I?x-action on Vx. 
Because J^x**^ ^ C'x(*^i)-niodule, we have 



0.. <Di\ 
X ) 



Similarly, we have RHom-v^{V\{*D), n"/<"'{*D2)) ~ 'Hom-v^{V\(*D), if/ {*D2)) . The following 
naturally defined diagram is commutative: 

Homv^(T>°xi*Di),Vx(E)Q'x(E)n'/'^"'^ > Homv^{D°x{*D), Vx ® Q'x ® ^°x i*D2)^ 

1 1 

^omc,(fi^*(*i?i),DRxf2j^*<^^) > ?^omc, (l^^^* (*i^i), DR^ f^^* 

Then, we can check the commutativity of (|22p by taking a free resolution of . I 

By construction, 03 o 04 is the equal to Gi in ((T8)) . Then, the claim of Theorem 13.181 follows from the 
commutativity of the diagrams (|20l) . ((2T|) and ((22|) . I 

3.2.4 Functoriality 

Let X be a complex manifold, and let Z? be a normal crossing hypersurface with a decomposition D = Di 'OD2. 
Let be a hypersurface of X. Let Lp : X' — > X be a proper birational morphism such that (i) D' — 
ip~'^{D U D3) is normal crossing, (ii) X' \ D' c:i X \ {D U D3) . We put D[ := ip-^{Di). We take D'2 such that 
D' = D[LI D'2 is a decomposition. 

Let y be a meromorphic flat bundle on {X, D), and we set V' := (p*V (E) Ox' (*D'). We have a natural iso- 
morphism (V{*D3)){\Di) ~ ip^(V' {\D[)) , which induces a morphism of I?x-modules V{\Di) — !■ ip^(V' {\D[)) . 

We have a naturally induced mor phism if-^ {n'/ (*D2) ®V) — > n'/ < 1 {*D'2) (g) V, fr om which we obtain 
the following: 

DR<^'-^'{V) Rip^BR^'^'^-^'^iV) (23) 
By considering the dual with (see Theorem 13. 18p . we obtain the morphism 

Rip, DR<f^^-^^ (V) — ^ DR<^^-^i (V) (24) 

Theorem 3.20 We have the following commutative diagram: 

DR<°'-°' V > Rip, DR^f'^--^^ V 

(25) 

DRxVilDi) > Rip,BRx'V'ilD[) 
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Here, the vertical isomorphisms are given in Provosition yd.l^ the upper horizontal arrow is (|23p . and the lower 
horizontal arrow is induced by the morphism ofDx-modules V{\Di) — > (p| (!Z?']^)) . 
Similarly, we have the following commutative diagram: 



Rip, DR<f^--°^ V 



(26) 



R^.DRx'V'ilD'^) > T)RxV{lD2) 

Here, the vertical isomorphisms are given in Proposition 13 . 1 5l the upper horizontal arrow is (|24p . and the lower 
horizontal arrow is induced by the natural morphism of T) x -modules (^^(^'(IDj)) — > V{\D2). 



Vx ® ^x ■ Put dx '■= dvavX. Let us consider the commutativity of (1^51) . By 
construction and the duahty in Theorem 13. 18[ the morphism ([M)) is expressed as foUows: 



Proof We set 



Rip^RHomc^, (^DR<f'^(r^), m'^'j [dx] RHoinc^ (^i?</j, (DR^f ^ V"), ^.m'^') [dx] 

— ^ RHomc^ (dRx^' <^*Sb^*) [dx] — ^ RHomc^ (dR$^' V"" , Db^^*) [dx] (27) 

The morphism DKx "y^f (^'(!-C'2)) — > DKx V{\D2) is represented as follows: 

R^,RHom-D^,{V"' ,Ox'{*D'^)) RHoni-v^{^^V''^ , ip^Ox'{*D'^)) 

RUomv^iV' ,^^Ox'{*D[)) Rnomv^{V'' ,Ox{*D^)) (28) 

We have the following commutative diagram: 

Rip,RHomv^,{V''',Ox'{*D[)) > Rip^RHomc^, {BRx'^' V"" , Db]^')[dx] 



,<D[ .,,v\ 



(29) 



RHomc^ (dRx^' Lp^^h'^'^j [dx] 



Lemma 3.21 The following diagram is commutative: 



(30) 



Rnomv,,{V'^ ,Ox{*Di)) > Rnomc^{T)YC^°^ , m]l')[dx] 

Proof Note that we have the commutativity of the following diagram: 

p,{m'^'{*D[))®nf '''''' > ^.{m'^') 



(31) 



dim X,* <Dx 



The vertical arrows are induced by the trace maps, and the horizontal arrows are multiplications. Hence, the 
following diagram is commutative: 



Hom-Ox 



ni /r^dim X,» <Z)i /r^r*,*\ 



(32) 
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The vertical arrows are induced by the trace maps, and the horizontal arrows are induced by the tensor product 
^<hniX,» <Di^^^ and (|3T|) . By considering a free resolution of V, we obtain the commutativity of ([30)) from 



We obtain the commutativity of ([26l) from (|29l) and (|30|) . Let us consider the commutativity of ([25|). In 
general, we have the following commutative diagram for M — > f^J^' , where Af (resp. Af') is a coherent 
Px-module (resp. -module): 

i?^*DRDA/'' ~ DR(^tP7V' ~ DRDy^tA/"' — ^ DRB7V 

4- 4-4- 
Rip^BDRW ~ BRif^DRW ~ I])DR(p|7V' — ^ PDRA/" 

The vertical arrows are also isomorphisms. Applying this commutativity to — > (p-^V'"^ {ID[), we obtain 
the following commutative diagram: 

Rip.DRV'ilD'^) > BRip^V'{\D'^) > DRBip^V"' {ID[) > DRV{\D2) 

I I 1 

R(p^'DJ:>RV"'{lD[) > BRip^DRV''-'{\D[) > BDR(p^V"' {\D[) > ©DRT/^(!L>i) 

It implies the commutativity of the following: 

DDR(V^(!I?2)) > BRip^BR{V'{\D'^)) 

=1 =1 

DR(F^(!i?i)) > R^,DR{V"'{\D[)) 

Then, ([25]) is obtained as the dual of with V"^ , and hence it is commutative. Thus, the proof of Theorem 
13:201 is finished. I 



4 Some sheaves on a real blow up 

4.1 C°° and holomorphic functions 
4.1.1 Preliminary 

Let X be an n-dimensional complex manifold with a simply normal crossing hypersurface D with the irreducible 
decomposition IJ^gA. ^i- ^^^^ paper, the real blow up tt : X{D) — > X means the fiber product of X{Di) over 
X. For any subset / C A, we set D/ := H^g/ A and D{I) := IJ-^^ A- Formally, := X. For J C F := A\ J, 
we put Di{J) := Dj n D{J). In particular, dDj :— Di{P). Let D° be a (possibly empty) hypersurface of X 
such that (i) DUD° is simply normal crossing, (ii) dim DnD° <n-l. For J C A, we set D(j) := £)( J) U D° . 
For J U J C A, we put Di(j) := Dj n D(j).^ 

Recall that a holomorphic function on X{D) is defined to be a C°°-function / on X{D) such that f\x-D 
is holomorphic. Let Oj^^j^^ denote the sheaf of holomorphic functions on X. Let ^j^^j^-j denote the sheaf of 

C°°-logarithmic (0, g)-forms on X{D), i.e., a section of ^j^'^^j-j is locally described as a linear combination of 
/ • dzi^/z^^ ■ ■ ■ dz^^/zi^ ■ ctzj^ ■ ■ ■ dzj^ (1 < «i, . . • , im < ^, ^ + 1 < ji, • • ■ Jk <n, f e C"-^^^) 

in terms of a local coordinate (zi, . . . , z„) such that D is locally described as IJii-^i = 0}. We have the naturally 
defined operator d : — > The complex , is called the Dolbeault complex of X{D). We put 

il-* := Vf'-' , - for any real analytic subset Z C X(D). 

Z X(D)\Z J J \ I 

Let Z be 7r^^(l?/(J)) for some / U J C A. Let Xz C Cj^(£)) be the ideal sheaf of Z, and put ■= 
limOx /^^z - ^'^'^ ^ given Oj^.^^x -module wc set J-.g '■= ^ ®o-j? ^ According to a generalized Borel-Ritt 
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theorem due to Majima and Sabbah [Si]), the natural morphism C'^rr^]^ ^ — > ^T^-i{p~(j)) surjective. 

The kernel is denoted by 0^3£1 . 

For a given C°°-manifold Y and a real analytic subset C X, let C^^S^ denote the sheaf C°°J^i- (M^)xr 

^ ir-i(Di)xy ir-i(_Di)xy 

on X(D) X y, for simplicity of the description. We also put ^f'*^ VL^-z' ®c-° C°°551 on 

7r-i(£'j)xy X(D) ^jf(D) 7r-i(Di)xy 

X(L>) X Y. 

Let denote the projection 7r-i(D/) — ^ Di{dDi). We have O^^^ ^ = li^'^'^f^Qo)^^' I « ^ /]. By a 
natural diffeomorphism n-^{Di) ~ Di{dDi) x (S*!)!^!, we can identify C°°^'"'^ = C~ <f ^, |zi | i G /]. 

Put T{m,I,J) := {K C j\l C K,\K\ = \I\ + m + 1} for m > 0. We set IC"" (o^_,^^^^j^^ 

®KGr(m / J) ^TT^T^CDfc)' obtain the complex IC* (o^_-qj^^ j^^^ as in Subsection 12.1.41 Similarly, we ob- 
tain complex /C*(il°'*55_ ). 

^ ti-HDi{J)}xy' 

Lemma 4.1 ( 1350 Let B be O rrTr-, or il'^'*52__ . The natural inclusion B — > K!^{B) induces a 

^' ^-HDiiJ)) n-^(Di(.}))y.Y ^ ' 

quasi-isomorphism B — > JC*{B). I 

4.1.2 Dolbeault resolution 

In this subsection, we do not consider D° . 

Proposition 4.2 ( 1261 . 1350 Jl"'*. . and are resolutions of O rrrr-, and O'^E^^ respec- 

tively, where J d I'^. 

Proof We give only an outline. In each case, it is easy to compute the 0-th cohomology of the Dolbeault 
complexes. We have only to show the vanishing of the higher cohomology. We may assume X = A", _D,j — 
{zi — 0} and D = Ui=i ^i- First, let us look at fi*-*^^. For I < j < n, let V^j be the sheaf of C°°-functions on 

X{D) which are 9i-holoniorphic for i > j. We set Xj :— — {(zi, . . . , zj)} and Djj :— lJi<inin{j t.}{^i — 0}- 

Let q<j be the projection X{D) — > Xj(Djj). Let T'^ be the sheaf of C°°-sections of (1<\^^^ \i which 

are 9j-holomorphic for i > j. We set P*^ := A*^<j o'^'^^' ^<j- We have the naturally defined operator 

Because V^q = Oj^^^)) and 7'*„ — ^^'^^7 we have only to show that the natural inclusions V^j — > ^<j+i 

^%Dy Let Qh-Th+i- Let Qk, 

J<i"? rr, vviiii.li die lyj-iiuiuiiiunjiiiL lui i, ^ J "T i. vvc uakc the cxtcrior product Q< ■ = /\* Q< 
over Q<j. We have the naturally defined operator i9j+i : Q<j — > Q<j A lizj+i/zj+i. We clearly have 
Ker9j+i = V^y Let us show Cok9j+i = 0. In the case j > £, it can be shown by the argument for the 
standard Dolbeault 's lemma. Let us consider the case j < i. 

Lemma 4.3 The cokernel of the morphism di+i : Q* ^ ^ — > Q* A dzi+-\ /'Zi+-\ is 0. 

Proof We use the polar coordinate z^+i = rj+i e^^^^^+i. The action of dj+i is expressed as follows: 

n n 

Then, it is easy to show the claim of Lemma 



are quasi-isomorphisms for the vanishing of the higher cohomology of f^^*^-)- Let "P^j+i- Let Q<^- be 

the sheaf of q^il'^ which are 9i-holomorphic for i > j + 1. We take the exterior product Q< ■ = /\* Q< 
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Put D' := lJi=i i^j+ii^i = 0}, and let us consider the real blow up tt' : X{D') — > X. We have a 
naturally induced niorphism : X{D') — !• Xj{Djj). Let x be the sheaf of sections of {q'^j)^^QPx^^jj 
on X{D'), which are (?i-holomorphic for i > j + 1. Let S^j x be the sheaf of C°°-functions on X{D'), which 
are 9i-holoniorphic for i > j + 1. We set iS*^ :— /\' S^^. It is easy to show the vanishing of the cokernel of 
dj+i : S^j — > A dzj+i by using the argument for standard Dolbeault's lemma. 

Let P e Tr^^{D). Let [/ be a smah neighbourhood around P, which will be shrinked in the following 
argument. According to Lemma [4.31 for any section ip of Q^j A dzj^i/^j^i on U, we can take a local section 
tp of Q<j such that 

We put X :~ if — djtjj. We take a cut function p around P, i.e., p is constantly 1 around P and constantly 
near the boundary of U. We can regard p A as a section of 5*^ A dzj+i. Then, we can find a section k of 5*^ 

around TTj{P) such that dj+iK — pX, where iTj denotes the natural projection X{D) — > X{D'). We obtain 
If = dj{tp + k) around P. Thus, we obtain the vanishing of the cokernel of dj+i : Q^j — > Q^j A dzj+i/zj+i, 
and hence the vanishing of the higher cohomology of ^^'^-j • 

Because 7r~^(Z?/) = Dj{dDi) x (S*^)'^' , we can reduce the vanishing of the higher cohomology of Vf''' to 

the vanishing of 17 ~* by a formal calculation as in Lemma 14.31 By using the resolution in Lemma l4.ll we 

° Di(dDi) •' ■' ° ■ 

obtain the vanishing of the higher cohomology of r2°'*__-,^^^. We have the following diagram of exact sequences: 
' ' ^x,u) > w» > 

> > n'^ > n'-' > o 

XiD) X(D) ^-HD{I)) 

Then, we obtain the vanishing of the higher cohomology of By a formal calculation as in Lemma 

X{D) 

we obtain the vanishing of the higher cohomology of 17^'* and I 

4.1.3 Flatness 

In this subsection D° is not necessarily empty. 

Proposition 4.4 Let I U J C A. The sheaves C°°J:^''\ C°°'SBL , 0<f^ and O ^77^, T^^ are flat over 

Proof Let us recall a general result. For a real analytic manifold Y, let Oy denote the sheaf of real analytic 
functions on Y. If Y is the product of a complex manifold Yi and a real analytic manifold Y2, let Oy denote 
the sheaf of real analytic functions which are holomorphic in the Yi-direction. The extension Oy^~^°^ C Oy is 
faithfully flat. 

Lemma 4.5 Let W1CW2CIY be real analytic subsets. Then, Cy and Cy ^"^^ jCy are flat over 0\. 

Proof The sheaf is faithfully flat over 0\ (Corollary 1.12 of [57]). Theorem VI.1.2 of 27 implies aC^ <'^^ n 
Cy =aCy for any real analytic subsets IFi C 1^2 C F and for any ideal sheaf a of O^. By using the 
argument in the proof of Proposition III. 4. 7 in [27], we can show the following: 

• Let A be a ring. Let M be an A-flat module. Let N be an A-submodule of M. If aAf n = aA for any 
ideal a of A, then A and M/N are also A-flat. 



22 



We immediately obtain the claim of Lemma H3] from these results. I 

Let Zq be a complex manifold with a normal crossing hypersurface Dq. Let Zi be a real analytic manifold. 
We put Z := Zq X Zi and D := Dq x Zi. Let G denote the composite of the maps Z — > Zq — > Zq x C", 
where the latter is induced by the inclusion {(0, . . . , 0)} C M". Let {ti, . . . , tn) be the coordinate of C". 

Lemma 4.6 <-°|ti, . . . , i„l ts flat over Q-^O z^xC^ ■ 

Proof Let ti denote the inclusion Z — > Z2 := Z x M". We put D2 '■= D x M". We regard that (ti, . . . 
is a real coordinate of M" C C". We have the natural identification C^<-°pi, . . . ,t„] = C^^<"^ /Cz^<°^'~'^ . 
According to Lemma [131 it is flat over l^^O^^. Let Gi be the composite of Z — > Zq — > Zq x W\ We have a 
natural isomorphism G^^O^^'^r} G^^OzoxC^- Since the extension G^^O^"^^^"^ C 0\ is faithfully flat, we 
obtain the claim of Lemma 14.61 I 



Let us return to the proof of Proposition 14.41 We may assume that X — A", Di — {zi — 0}, D = [J^^i Di 
and D° = Ul^£+i-^2- For I C £, let ttj : X{D{I)) — > X be the real blow up. We have the natural 
identification irJ^iDi) ^ Di x (S*!)!^! and nj^ {Diil")) = Di{T) x (S^^^^. From LemmagH we obtain that 
^oo<£(r) ^ ^oo<D.(r)| I , g jj ig flat over nj'Ox. 

Lemma 4.7 C°°J^'^^ is flat over -k-^Ox- (Note that tt : X{D) — > X.) 

Proof The claim is clear outside of Tr^^{dDj). Let P be any point of dDj. Let a be a finitely generated ideal of 
Ox,p- We take a free resolution Q, of o, i.e., • • • — > Qi Qo — > fl- We obtain a 7r~^Ox-fi^ee resolution tt~^Q, 
of TT^^a. We set Q_i :— o for simplicity of the description. We have only to show that tt~^Q, (g) C°°jSl^^ ■* is 

exact. Let p : X(D) — > X{D{I)) be the naturally induced map. Note 



Let Q e TT ^ (P). Take a cycle ip ofir ^ Qi <Si C°°-^S^^ at Q. By using a cut function around Q, we can regard it 

ir-i(_Dj) 

as a global cycle of tt^^Qi i^C°°J^^^ whose support is a small neighbourhood of Q. Then, it can be regarded 
as a cycle of ■Kj^{Qi) ®C°^J^^^ around p{Q)- Because C°°^^^£S:^ is flat over ttJ^Ox, we obtain that (yS is a 
boundary in the complex 7r^^(Q,) ®C°°J^^^ \ Then, it is easy to deduce that is a boundary in the complex 
7r~^(Q,) (8)C°°J^2^^ \ Thus, the proof of Lemma l477l is finished. I 

7r-i(Dj) 

Let us show that Q°°jSli^''^^ is flat over Tr~^Ox, where I U J C £. We put 



S{I,J,m) := {K c£- J \ I C K,\K\ =m}. 



Put tj/ £+1 := C°°i?i^'^\ and descending inductively 



7r-i(CK) 

KeS(LJ,m) 



We have = C°°J~^^^ \ which is flat over vr ^Ox- By an induction, we obtain that Qi_„i are flat over 

Tr~^Ox- Hence, we obtain that Q°°jSllj'^'> jg flat over n~^Ox- By using the resolution of C°°S2 — in Lemma 

7V-HD,) ^ _-K-HDiiJ}} 

14.11 we obtain that C°°S2 — is flat over n^^Ox- As a result, we obtain that dP'*J^^'^'^ and f2°'*5^^ are 
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flat over tt ^Ox, where J C I'^. In particular, fi'^'^Ji?*-'^'' and . are flat over tt ^Ox- Then, we obtain 

the TT^^Ox-flatness of O^f^i^l and O _-rrf:r~, ,ss by using Proposition 14.21 Thus, the proof of Proposition 14.41 
is finished. I 

4.2 Functions of Nilsson type 

4.2.1 Preliminary 

We set Nil(z) 0^^^ z"C[logz]. For (a, fc) e C x Z>o, we put ifa,k{z) ■= z°'{\ogz)'' G Nil(z). Let T be a 
finite subset T C C such that the induced map T — > C/Z is injective. For simplicity, we assume G T. Let iV 
be a non-negative integer. We set 

NilT,Ar(z) := |^a„j-fc(^„+j-fc(z) a^j^k e C, j > -N, fc < A^j C Nil(z). 

Note that NilT,Ar(z) is a finitely generated free C[z]-module. For T C T' and N < N', we have a natural 
inclusion NilT,7v(z) C Nily'.Af' (z). We have Nil(z) = lin^NilT.jv(z). 

Let Cz{0) be the real blow up of Cz along 0. Let l be the inclusion l : C* — > Cz{0). We regard Nil(2) and 
NilT.jvC-z) as subsheaves of l^Oc on C(0). 

We put Nil(zi,. . .,ze) := Nil(zi)(g)c • • • (8)c Nil(z<>) and NilT,Ar(2:i, ...,Zi):^ NilT,Ar(zi) (8)c • • • 0c NilT,Ar(zf). 
We naturally regard Nil(2:i, . . . , z^) as a subsheaf of l^Oc^-d on the real blow up C{D), where D — lJi=i{-^i = 0} 
and L : C" — Z) — > C"(Z)). For (a, fc) e C''xZ>g, we put (pa,k{zi, . . . , Zn) '■— Ili^i 'Pai,ki{zi), which are regarded 
as multi-valued flat sections of Nil(zi, . . . , zg). 

4.2.2 Sheaves of functions of Nilsson type 

Let X be a complex manifold with a simply normal crossing hypersurface D. Let D — D^^^ U I?^^-* be a 
decomposition. Let D° be a hypersurface of X such that (i) DUD° is simply normal crossing, (ii) dimI?nD° < 

n- I. We put 15(3) D^^^UD°. We would like to introduce sheaves -^l^')'"'""' and on X{D). 

First, let us consider the case X = A", D = ULii^* = 0} and D° = [JTLe+ii^i = 0}- Let ;f = /i U /2 be 
determined by D'-^^ = [j^^j^ {z, = 0} for j = I, 2. Let j denote the inclusion X-D — > X{D). Let 
be the image of the naturally defined morphisms: 

'^iSi' ® Nil(z, lieh)-^ lOx-D- 

Similarly, let Cf^^^ be the image of the naturally defined morphisms: 



C|<f%Nil(z.|ze/2)^>C^_<r 



We can observe that they are independent of the choice of a coordinate (zi, . . . , z„). Hence, we obtain globally 
defined sheaves ^1^*''-^"' and C on X(i:>). They are also denoted by and <^"' . 

X{D) X(D) \ J J J x(D) X(D) 

We put := ®cs . We will show the following theorem in Subsection gXTl 

X{D) ^{D) xiD) X{D) 

(Actually, more refined claims will be proved.) 
Theorem 4.8 

• ^"^'j^-j^ naturally gives a c-soft resolution o/^^^^ . (The case D° = %.) 

• The sheaves , and fjl;* are flat over tt^^Ox- 

X{D) X{D) ■' 
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Let D^') — UjeA ^j*^ (i = 1, 2) be the irreducible decomposition. Fix fc £ Ai U A2. We put 

ijW:- y Df (z = l,2). 

jeAA{fc} 

We put E := E^^'> U E'^^) ^^d E^^'> := D^^). We have the naturally defined projection p : X{D) — > X{E). We 
will prove the following theorem in Subsection 14.2.81 

Theorem 4.9 If k £ Ai, the following naturally defined morphism is an isomorphism: 

X(E) ^ X(D) 

//fc € A2, the following naturally defined morphism is a quasi-isomorphism: 

^0,.<ij(^)<ij(^>. ^(2)) ^0,.<I?(-^)<I3(^) 

X{E) \ k J 1^* x(D) 

Corollary 4.10 The natural morphism 



X(D) 



is a quasi-isomorphism. In particular, R'k^,A^^, ~ Oxi^D) 

X{D) 



For the proof of the theorems, we may assume X = A" and D = lJi=i{-^i = 0} and D° = IJl^f+il-^^i = 0}i 
where 1 < £ < m < n. We set Di := {zi = 0} for i = \, . . . ,m. We use the notation in Subsection 14.11 For a 
subset J C i, we set J := J U (to \ . 

4.2.3 Sheaves of holomorphic functions of Nilsson type 

For any real analytic subset Z C X{D), we implicitly regard as the sheaf on X{D) in a natural way. For 
any / U J C let A'''}^^''^ denote the image of the following naturally defined morphism: 

7r-i(D7) 

^r^.) Nil(zi, . . . , z,) ^ ^^''/(ISTv)!.,) Nil(z. | z G /) 

In the case / = 0, it is A'~}^?^''\ For / U J c £, let ^ ^ denote the image of the following naturally 

X{D) -' ■^-^Dl{J)) ^ 6 J 

defined morphism: 

'^.-H^iJ)) ®c[z„...M Nil(zi, ...,zi) ^ 0O^_^^^^^^^^ <^c[..K6/j] Nil(z^ 1 1 e /j) 
Here, Ij := lU {j}. In particular, ^"''-.^—--^^^^ is the image of the following morphism: 

^.-hBT./)) '^ciz„...,zA Nil(zi,...,z,) — ^ 0^?,-i(S;v?i^,) ^^^(^^'^ 
Let ^"'li^.^"''' and yl'"' . . be the sheaves obtained from Nilr M(zi,...,ze) instead of Nilfzi, . . . ,zi). 

■!v--<-(Dj},T,N Tv-^Di(J)},T,N ' ^ u : V u i tj 

For T C T' and iV < TV', we have natural inclusions A'^'l^^^^ C and yl'"' C 

~ ir-i(Dj),T,Ar II— !(£)/), T',W ■it-^(Di(J)),T,N 

. . . We have the following natural isomorphisms: 

TT-^{Di(J)),T',N' 

^„il<£(.7) ^ lij^^nil<£(J) ^nil ^ Um yt"'' ---^ (33) 

TT-^(Di) > Ti-^(D,),T,N 7r-i(_Dj(J)) > rr-^D, {J)),T,N ^ ' 

Let g/ : 7r~^(£'/) — > Dj{dDj) denote the projection. Let tt/ : Dj{dDj) — > Dj be the real blow up. Then, 
we have 
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4.2.4 Specialization 

Let us construct a morphism A'^^l — > y^"'' ^ for any I U J C £. First, let us construct A"i\ , — 

7r-i(Dj) 7r-->-{Di(J)) J - > ^ x(D) 

A'^i^-^^ in the case D = Di. Let $ denote the natural morphism $ : Oj^^^,-) ® Nil(zi) — > j*Ox-D, where 
'j : X - D ^ X{D). 

Lemma 4.11 Assume that D = Di. Let S C C be a finite subset such that the induced map S — > C/Z is 
injective. Assume that we are given f = Sjlo fa,j®^a,j{zi) G O^j-^j $DNil(zi) such that $(/) G ^^d)' 

Then, we have f„ , G O-^ . In particular, we have the well defined map A^~^, , — > .4"i! — ^ in the case 

' ■' '■' X(D) t- r J f X{D) ir-i(_D) 

D^{z,^0}. 

Proof Let us consider the growth order of fa,j zf{\og ziY . For the polar coordinate zi = re^^^, we have 
z" = exp(/3 log r — j9 + •\/^(7 log r + (i9)) , where /3 = Re a and 7 = Im a. Let V be the set of (a, j) € 5 x Z>o 
such that fa,j is not contained in O^^^y We will derive a contradiction by assuming V ^ 9. For each {a,j) e T^, 

there exists a unique integer m{a,j) such that (i) /iqj :— z^ "^^"'''\fa.j G ^x(d)' (^^) ^Q.i|7r-i(_D) is not constantly 
0. We set 

K :— max {Kea + m{a, j)\ , S :— Ua, j) £ V \ Kea + m{a, j) = k\ 

{a,j)eV 

For (ai, ji), (a2, j2) € S*, we have Reai — ReQ;2 and m{ai,ji) = ra{a2,i2)- We also have Imai 7^ ImQ;2 if 
Qfi 7^ a2- We obtain the following estimate for some e > 0: 

"a,j|7r-i(_D) ^1 (,10gZi)-'=r 2^ «a,j|7r-i(_D) e ^ ^(lOgZi)-' 

= 0(r«+^) (36) 

Let us deduce that ft.c<j|7r-i(D) are constantly from (pB]). Assume the contrary. Let Q £ 7r^^(_D) at which 
ha,j{Q) 7^ for one of (a,j) € t^. We may assume 9{Q) = 0. We obtain the following from (f36| : 

^ V,(Q)-e^''""'°^'-(logr)^ =0(r^) (37) 

But, for any (5 > 0, we can take < r < S such that the amplitudes of the complex numbers 

(-l)^'Vj(Q)e^'""'°*''' e 

are sufficiently close, which contradicts with (1571) . Hence, ft.Q,j (ck,j) G are constantly 0. Thus, we obtain 
Lemma 14.111 I 

Let us return to the general case. We take 5 C C such that the induced map S — > C/Z is bijective. Let 
Qi : {S X Zy — > 5 X Z be the projection onto the i-th component, and tt^ : {S x Z)^ — > {S x Z)*"^^ be the 
projection forgetting the i-th component. For a given 

^ Act^k «) fa,k G C'if(D) Nil(zi, . . . , Zi), 

(a,fc)e5*xZ{.„ 

we set Visj := Eq.(a,fc)=(/Jj) ^a,fc • f^,(a,k){zj\j^i)- Put := ^- {i}. If X;^a,fc • V'a.fc G O 



X{D)\^-^D{t-))' 



we obtain ^i^-i^^^^yj^,.) = by applying Lemma [4. Ill to J2^^i3-j ' VP.ji^i)- It implies that the morphism 

Ox^D) ® Nil(zi, ...,ze)^ '^.=HD,) ® Nil(^i, ■■-.zi)^ -^f^^) 
factors through yl'"' , . Hence, we have a well defined morphism A™"^, , — > A^^- . By construction, it is 

X{D) ' ^ X{D) Tr-i(Di) 

surjective. We also obtain that the following morphism factors through 

Ox(u) ^ Nil(.i, ...,zi)^ <^.-rl5li,) ® Nil(.i, ...,..) ^ Kr^SlD) ^ 

lei 
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Hence, we obtain the well defined map A'^-i\ , — > .4"''- . We also obtain A'^~\ , — > y^"''- ^ 

They are surjective by construction. By using (1331) . p4p and psp . we also obtain the surjective morphisms 
^ni] y _4iiil and > y^'"' 

7r-i(Dj) 7r-i(_Dj(J)) tt-^Di),T,N t!-HdT(J)),T,n' 

Lemma 4.12 We have the following: 

^nil<£(,/) ^ / ^„il ^„il 



^„ii<£(j) ^Kerfyi'"i -^A^'' 



T!-^(Di),T,N V TT-^{Di),TM ■K-^{D,(J)),T,N 

Proof The implication C is clear. Let us show the converse. First, we consider the case I — %. Let 
f — yi^afctySctfe be a section of Kerf^'li' , — > A^^^ ). Let us show the following equality on 

tt'^{Dk - BOk) for any subset if C ^ such that K r\ J ^ %: 

E ^„..|.--t(ir,.)n^-.^.(-»)-o (38) 

gjf (a,fc) = (/3,j) ii^K 

We use an induction on \K\. In the case \K\ — 1, it follows from the assumption. Let K — K' U {j} . Assume 
that we have already known (|38p for K' . By using Lemma [4.111 we obtain the claim for K. In particular, we 
obtain A , , — r-~ , ~ 0. 

Q;,fc|7r [DiJ 

Note that the expression of / is not unique. We would like to replace A^.k such that the following holds: 
F(ni): A ,, -r- ~ = if IXI > m and X n J 7^ 0. 

We use a descending induction on m. In the case m — £, rt holds as was already shown. Assume that P(m + 1) 
holds. Take K Cl such that \K\ ^ m and n J 7^ 0. We have 



By a generalized Borel-Ritt theorem due to Majima and Sabbah, we can take Ga.k G ^^^d^ ^ satisfying 
<^«,fck-T(5..) = n.^K V^^.Mi^i)- By dSll), the following holds: 

9jf(a,fc) = (/3,j) 

We have the following equality: 

/ = E ~ rf — ^ . ) ■'Pa.k{zi,---,zi) + y2( E Ga,fe) • (/?/3,j(2;i|i e if) 

a,k xiis^JV qK(oc.k) = {p.,j) 

Note that I]qK(a.fc)=(/3j) t:^^{Dk) U 7r-i(i:'(ii:'=)). In particular, it is on U|ifi|=m '^"K^i^i)- 
By construction, ^Q,,fc — Ga,k Yiis^K Vai.kii^i)^^ vanishes on tt^^^Dk)- Moreover, if A rtTTT ~ ^ some 

\L\ = m with L C\ J ^ A^^k ~ Gq-^a; Ili^if 'i^aiifc; (-^i)"^ ^1^° vanishes on ^^^{Dl). Hence, by applying the 
above procedure to each K satisfying \K\ — m and if H J ^ 0, we can arrive at P{m). The status P{Q) means 
f — Y] Aa kfak with Aa k G ^%^!^!\ which implies that / e A%^,'l^'"'''\ Thus, we are done in the case i = 0. 
We can reduce the general case to the case i = by using and (|55|) . I 
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4.2.5 A resolution 

Put r(m, /, J) := {K d J \ I C K, \K\ = \I\ + to + 1} for m > 0. We set 



A'er(m,/,J) 



We obtain the complex /C* ( yl'"' ) as in Subsection 12.1.41 

Lemma 4.13 The 0-th cohomoloqv of /C*(yl"''. . I is yl"'' . . , and the hiqher cohomoloqv sheaves 

■' \ Tr-HDi{J))J TT-^DiiJ))' ^ 

are 0. Similarly, The 0-th cohomoloqv of /C*(yl"'' ) is A™^ , and the hiqher cohomoloqv 

^ J \ n-i{Di{J)),TMj tt-^{Di(J)),T,N' ^ 

sheaves are 0. 

Proof We have only to consider the issue for /C* ( .4'"' ) . First, let us consider the case / = 0. We 

use an induction on | J| and the dimension of X . The cases | J| — 1 or dimX — 1 are clear. Let J — JqU {j}. 

Assume that the claim holds for Jq. We set -C™^ := ®\K\=m+i ieKr ■ We have the exact 

sequence: 

Let Qj : TT^^{Dj) — !• Dj{dDj) and ttj : Dj{dDj) — > Dj be the projections. We have a natural isomorphism: 

C'r,. - '^7^^-kj.(^(,„,,,,Jl^l «c,, Nil.,.(.,) 

By the hypothesis of the induction, we obtain the vanishing of the higher cohomology sheaves of jy ^-i^d 

/C*(yl"i ). Hence, we obtain the vanishing of the higher cohomology of /C'fyl'"'- |. The 

calculation of the 0-th cohomology is easy. The general case can be easily reduced to the case / = by 
(I34t and (IMl). I 



4.2.6 The C°°-version 

Let r be a C°°-manifold. For / U J C ^, let c°°JliL<^^"^^ denote the image of the following morphism: 

7r-i(I5f )x Y 

Let C°° 'iii^ be the image of the following morphism: 

7r-i(D7(J))xY ^ to 



Nil(zi, . . . , z,) ^ 0CST^aD..)xy ^^K^^^ I ^ e /j) 



QOO <D° 

In particular, C°°_iiL£^° is the image of the following morphism: 

■!T-^{D(J))xY 

C°°5£l (g)cr^, Nil(zi,...,Z£) — >fl^C°°<21-^ ®Cf2 l Nilfz,) 

Similarly, let a,nd C°° 'iii-i^ denote the sheaves obtained from NIIt Aff^i, . . . , z^) instead 

of Nil(zi, . . . ,ze). We have 

St,. - ^FHa.:)xl2),. x.,T,.I-^l^ ^ ^1 ^-[^^1-^1 e /) (39) 
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By the argument in Subsection 14.2.41 we obtain the weh defined surjective morphisms: 

^oo nil<D° ^ ^oo nil<_D° ^oo nil<Z5° ^ ^oo nil<D° (4:1) 

TT^^^Di)xY Tr-UDTiJ))xY' Tr^^^^Di)xY,T,N t!-^dT{J))xY.T,N ^ ' 

By the argument in the proof of Lemma 14.121 we can show that the kernels of the morphisms in (j4ip are 

^oo nil<D(J) T ^oo n\\ <DiJ) i 

6 and C ^ . , respectively. 

7r-i(Dj)xy TT-'^{Di)xY,T,N 

We set /C" f C°° 'iH<P° ) := 0^pT-,„ . ^ C°°3iL5^° . We obtain the complex /C* f C°° "^ili"" V It is 
easy to see that the 0-th cohomology is C°° 'iiSP . By using an argument in the proof of Lemma [4. 131 we 

7r-i(Dj(J))xY 

can show the vanishing of the higher cohomology. Similar claims hold for /C* (C°° "iii^ 

^ ^ ^ V ■K-^Di{.jy)xY,T,N 

4.2.7 Proof of Theorem 

In this subsection, we do not consider D°. We put := , (^c°° Q°ojni<D{j) ^o,» mi — 

ir-^Di) X(D) ^x(D) TT-^{Di) TT-^{Di{J)) 

, €5c°° C°° 'ii-— . We use the symbols fi^'^Jii^^*-'^'' and — in similar meanings. The 

X(D) ^x(D) TT-^{Di(J)) 7r-i(-D/),T,A' 7i-^(D,(.r)),T,N ^ 

following proposition implies the first claim of Theorem 14.81 



Proposition 4.14 fi'^'^JiiL^''^'''^-' andif''^ — qive c-soft resolutions of and , respec- 

lively. Similarly, andOP''!^ — qive c-soft resolutions of A'^^^-^^^^'^^ and A^^^ , 

^ ^ Tr-^(Di),T,N TT-^(Di(J)),T,N ^ tt-^(Di).T.N tt-^Di{.J)),T,n' 

respectively. 

Proof We use an induction on dimX. In the case dimX = 0, the claim is trivial. Let us show the claim 
for TT^^{Dj). For / 7^ 0, let qj : Tr^^{Dj) — > Dj{dDi) denote the naturally induced morphism. We put 
NilT,Ar(/) := C|zi|i e /] ^c[zi\iei] ^'^W,N{zi\i G /). By using the hypothesis of the induction and a formal 
calculation as in Lemma 14.31 we can show that the following morphisms are quasi- isomorphisms: 

^■f Di(dD,).T,N^ -'^^^^ D,(dD,),T,N ^ ^ ^ ' ■k-^{Di).T.N 

It implies the claim for A^^^JSSS"'^ . We obtain the claim for A^^^^JSSS"'^ from (l33l) . For any subset I C £ (I can 

TT-'^{Di),T,N TT-^(Di) ^ ' - ^ 

be 0), by using the resolutions K,* [A™^ ) and K,* ivf''' ^ — ), we can reduce the claim for ^ . 

^ <^ V ^ V 7T-^{Di{J))^' 7r-i(Z5,(./)) 

to the claims for yl'"' (/ C K). The claim for ^ . can be obtained in a similar way. By using 

7r-i(CK) ^ ' ■K-^{D!(J)),T,N 

the exact sequences 

i oil* i cfiz' ^ n"'* ^ > O'i^ > .4"" > A""'! . > ^42^ 

we obtain the claim for A^^^^-^y By using the exact sequences 

n .r^O,*<D(.]) ^ qO,. nil ^ qO,. nil ^ ,m\<D{.J) ^ -,iil .nil 

we obtain the claim for .4"^''^^^^"^^. The claims for .4'^' , ^ and A^-^'^'^l^ can be obtained similarly. I 

X{D) X(D),T,N X(D),T,N 



The following proposition implies the second claim of Theorem 147 
Proposition 4.15 The sheaves C°°J^^'^-^\ '^j^' , A^"^^'^^ and A}'^'^ are flat over t:-^ O x ■ The 

T^-HDi) TT-^Di(J))' ^-HDi) 7r-^Di{J)) 

sheaves C°°J^°^^\ '3<°° , yt"i5£(^) and A''"" are also flat over ^-^Ox ■ 



Proof We have C°°Jii7r'^''^ •* = C°°i£i^ ^ ®c\z\i£i]^''^Kzi\ * G I)-, which is flat over tt ^Ox, according to Lemma 
14.71 Then, we can show Proposition 14. 1 51 bv the arguments in the last part of the proof of Proposition 14.41 I 
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4.2.8 Proof of Theorem [4791 

The first claim of Tlieorem 14.91 is obvious. We give a preliminary for the second claim. Put X ' := C x X, 
X'q := {0} X X and D' := (C x D) U ({0} x X). Let J CL Put D'(J) := C x D(J). Let ttq : X'{D') — > X' 
and TTi : C X X{D) — > C x X be the real blow up. We have a natural diffeomorphism t:q^[X'q) ~ S*^ x X{D). 
Let po : X'(-D') — !• C x X{D) be the naturally induced map. We use the coordinate z — re^^^^ of C. We 
have a natural inclusion: _ _ 

^oo nil<_D'(J)/ x^/N /^oo nil<n'(,/)\ 

C ^^^ ^ (*^o) > PO*{C (43) 



The differential operator id^ induces the endomorphisms of C°°JiiL<^'(^'(*X') and po* ( d^^'^'^'^M , which 
are denoted by Fi and F2, respectively. 

Lemma 4.16 The cokernel of Ft [i — 1,2) are 0, and (|43p induces the isomorphism Keri^i ~ Ker^Pj- 

Proof It is easy to obtain the vanishing of CokFi by a formal calculation. Let us show the other claims. We 
take S C C such that (i) the induced map S — > C/Z is bijectivc, (ii) E S. Corresponding to the decomposition 
Nil(z) = 0„e5 2"C[z,z-i] [log^], we have the decomposition c'^J^d'(j) ^ ^^^^ ^oo_iiU<d'(j)^ ^ ^ 

X(D) be an open subset. Let / be a section of (j°°Jii5^ on 5*^ x ?7 C ttq^{Xq) expressed as follows: 
/ = E E Z/^.'^.-. V^f^-'^ e-v^«"z"+"(log (/^..,„, e CX-ij;^) 

13, k n.j 

We have the following equality: 



= E E {^9e + I) fp,k,n,j 6-^'^"^"+" (log \z\y 



/3,fc nj' 



E E e-^^^-z-^-^Xlog kP)^-^ (44) 



For any section q of C°° ~ on 5^ x [/, we can solve the equation 

aeG-V^aG = g {a ^ 0) 

'^T^Tx'iD) '^ ■ remark J^'' e-^"^g(6') ^6* = 0. Then, it is easy to obtain Cok(za^) = and Ker(za^) = 
in the part a ^ by using pij) . Let us consider the part a — 0. We use the filtration with respect to the order 
of logl^p. If we take Gr with respect to this filtration, the second term in p4|) with a = disappears. We 
obtain H'^ Grj — Gi'j for each j, and they are represented by constants with respect to 9. Then, the second 
term in (j44|) induces H° Gr^ ~ G^j-i for j > 1. Hence, we obtain the vanishing of the cokernel of "zdz, and 
the kernel is Ti^ Grg. Then, the claim of Lemma [4. 161 are clear. I 

We have the following morphism of exact sequences: 

CxX(D) CxX(D} ^ 0^ ^^'{X[,) 







, ^ r,0,.<I5'(J)UX,^ ^ ^0,.<D'(J) ^ ^0,.<_D'(J) ^ „ 

^ P"*^X'{D') ' P°*^XiD') ' 



The left vertical arrow is an isomorphism. According to Lemma 14.161 the right vertical arrow is a quasi- 
isomorphism. Thus, the central vertical arrow is also a quasi-isomorphism, which is the second claim of Theorem 
EH I 
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5 Some complexes associated to meromorphic flat bundles 

5.1 De Rham complex on the real blow up 
5.1.1 De Rham complex and a description by dual 

Let X be a complex manifold and Z? be a normal crossing hypersurface with a decomposition D — Di U I?2- 
(Note that Di are not necessarily irreducible. See Subsection 13.2. II ) Let tt : X{D) — > X be the real blow up. 
We set y^l^i^^^ yl"J'<^i and 17°:*<^^^^^ f]"Ji<^^ We put 

X{D) X(D) X(D) X(D) ^ 

X(D) X(D) A I x(D) X(D) <^x X 

For a holonomic X>-modulc M on X, we define DRI^ ^^-^^ (TU) := A^-'^^f'^^ ®^-^Ox DRx(A^), i.e., 

Note that DRlJ^^f^^(X) ^ DRlJ^^f because - ^^^.^^-^^ 

By TheoremgH we have an isomorphism i?7r, 0^1^^"^" {M) ~ DR<^^-^' M induced as follows: 

R^* ®^--Ox ^-^m) ^ R^..n'£<^-^''^ ®Ox M ^ n'/ {^D2) ®Ox M (45) 

Lemma 5.1 We have a natural isomorphism RHom^-ix>j^ (tt^^ Ai, A'^^^y^^) ~ DR^^^^^ (BA^) . 
Proof We have the following isomorphisms: 

Rnom^-.T,^{TT-'M, Af^^f""') ^ R-Hom^-^T,^ {n-^M, n-'Vx) -^If^-""' 

= 7r-'(nx ®o. ^m) ^fCD^^'^'^-dx] ^ (j^-^^x ®.-^o. ■^1%^''") n-'BM[-dx] (46) 

Because A^^l-"'' is flat over n-^Ox (Theorem |TH1), tt-^Vx ®^-iOx -^t^'J:^^ is Aat over tt'^Vx- Therefore, 

X(D) X(D) 



.<Di<D2 
X(D) 



is a TT^^T>x-ii'At resolution. Hence, (|46l) is quasi-isomorphic to the following: 

Thus, we obtain the desired isomorphism. I 
According to Lemma IS.l) we have a natural isomorphism 

^KTdT'^^^ - R'Hom^-^T.^in-'BM, Af^^f""') ^ Rnom,-^T,^{n-'BM{*D), Af^^f"') (47) 
We will implicitly identify them in the following argument. 



5.1.2 A combinatorial description in the case of good meromorphic flat bundles 

Let X be a complex manifold with a normal crossing hypersurface D. Let tt : X{D) — > X be the real blow 
up. Let y be a good meromorphic flat bundle on {X, D). We have the local system on X — D associated to 
V\x-D- Its prolongment over X{D) is denoted by C. For any P e 7r^^(_D), we have the Stokes filtration of 
the stalk Cp indexed by the set of irregular values Irr(y, P) C Ox{*D)p/Ox,p with the order <p. The system 
of filtrations {j^^ | P S 7r~^(Z))} satisfies some compatibility condition. See [33] or p4] for more details. 

Let D = DiU D2 he a decomposition. Let us describe DK'^^^y^^ (V) in terms of the Stokes filtrations. For 

P e X{D), let Cp^^-^^ be the union of the subspaces T^{Cp) C Cp such that (i) a <p 0, (h) the poles of a 
contains the germ of Di at P. 
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Lemma 5.2 The family {Cp^'^-^'^} gives a constructible sheaf C^^'^-^^ on X{D). 

Proof We have only to consider the case X = A" and D = lJi=i{-^i ~ 0}- ^ decomposition around P as 
in Section 7.7.4 of [33], we have only to consider the case V ~ Ox{*D) with the flat connection Ve — eda, 
where a = YViLi h"^' (™» > 0)- We have a decomposition £ = Ii U I2 such that Dj — Uie/^ {^i — 0}- Foi' 
P e X(D), we set Ij{P) := {i G Ij \ z,{'k{P)) = O}. We set := -|a|-iRea. We put i?o := [^T=l{z^ = 0} 
and i?i :-UL™+i{^^ = 0}\^o. 

• For P e X - D, we have Cp"'-^' ^ 0. 

• For P e 7r-i(Pi), we have Cp°'-^^ 7^ if and only if /i(P) = 0. 

• For P e 7r-i(Po), we have Cp"'-^' 7^ if and only if (i) P„(P) < 0, (ii) /i(P) C m. 

Then, the claim of the lemma is clear. I 
We recall the following proposition. (See [26] and [35]. See also [T2].) 

Proposition 5.3 The natural inclusion £<Di<D2 — y DR~f^^^^(V^) is a quasi-isomorphism. 

X(D) 

Proof We give a preparation from elementary analysis on multi-sectors. We set Y := x A^ and Dy = 
{z = 0} U Ui=i{^i — 0}- Let TT : Y{Dy) — > Y be the real blow up. For m > and m — (mi, . . . , nik) E Z^.q 
(0 < fc < i), we put a = z"™ HiLi w'j""'- We put P„ ^ -|a"i| Re(a), which naturally gives a C°°-function on 
Y{Dy)- Take a point P e 7r^^(0) C Y{Dy)- Let S* = 5^ x S*^ be a smaU multi-sector in F - Dy such that P 
is contained in the interior part of the closure of S in Y{Dy). 

• If Fa{P) < (resp. P(,(P) > 0), we assume that Pc. < (resp. > 0) on S. 

• If Pq (P) = 0, we assume that Fa is monotonous with respect to 6, where z — re^^^^ is the polar coordinate. 
Let 9i (« = 1, 2) be the arguments of the edges of 5'^, i.e., Sz — {{r,9)\9i < 6* < (?2, < r < ro}. Let 6+ 
be one of 6i such that Pa > on {re^^^+} x S-u,- 

Let / be a holomorphic function on S of polynomial order with respect to z and w. We set 

^f)(z,w):= I exp(-a(z,ti;) + a(C,ti;))/(C,t«)dC- (48) 
J 7(2;. Ii?) 

Here, 7(2, w) is a path contained in Sz x {id} taken as follows. 

Case Fa{P) < 0: We fix a point zq £ Sz, and 7(2,11;) is a path from zq to z. 

Case Pa(P) > 0: Let 7(2, id) be the segment from to z. 

Case Po(P) = 0: Let 9^ be as above. For the polar coordinate z — re^^~^^ , let 7(2,10) be the union of the ray 
{pe^/^^+ I < p < r} and the arc connecting r e^^^^+ and 2. 

Lemma 5.4 For each N > 0, there exists a constant Cn such that \^{f){z,w)\ < Cn ■ ^^1-21^11^=1 [""^d^S */ 

1/(2, «;)i<ci2r nil k.r-- 

Proof We give only an outline. Let us consider the case Pa(P) < 0. Let zq ~ roe^/^^° and 2 — re^^^^ . We 
may assume that the path 7 is the union of (i) the arc 71 connecting 20 and 21 — r^e^^^^ , (ii) the segment 
72 connecting 21 and zq. The segment 72 is divided into 72,1 = 71 H {|C| > 3|2|/2} and 72,2 = 7i H {|C| < 
3|2|/2}. The contributions of 71 and 72,1 are dominated by |exp(— 0(2, ii;)) | J|l^,^-^ |wi . The function 
Re a is monotone on 72_2- We also have \f{C,,w)\ < C \z'^\Yll^^\wi\'^^ on 72^2- Hence, the contribution 
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of 72,2 is dominated by I^I^Hi^i l^^il^'- Let us consider the case Fa{P) > 0. On 7, we have [/(Cti^)! < 
C |z^| Y[i=i l^^il^S ^-nd Re(a) is monotone. Hence, it is easy to obtain the desired estimate. I 

Let us return to the proof of Proposition l5.3l We have only to consider the case X = A" and D = lJi=i{^i — 
0}. Let P € 7r~^(0, . . . , 0). By using the local decomposition around P as in Section 7.7.4 of [3^, we can reduce 
the issue to the case V = 0^^^ Ox{*D) ei with the flat connection 



Ve = e da + > [a, hi + N, 



dzj 



where Im denotes the identity matrix, {i — !,...,£) are mutually commuting nilpotent matrices, are 
complex numbers, and we put e :— {ei, . . . , e„) and a :— n"ii -^i Then, it is easy to show that £<i'i<-D2 jg 
naturally isomorphic to the 0-th cohomology of DR~^^^^^(y). Hence, we have only to show the vanishing of 

X{D) 

the higher cohomology of DR~^^^^^(y). We have only to consider the case rankV — 1, and we put v = e\. 

X{D) 

First, let us consider the case Di = D. For a subset J C {1, . . . , n}, we set dzj = dzj-^ A • • • A dzj^. For a 
section oj of fl*-'^^ , we have the unique decomposition uj — '^ujj dzj, where ojj G ^ . Let Si {i = 1, . . . ,£) 

X{D) ' ' X{D) 

be a small sector in A*., and let U he a, small neighbourhood of (0, ... , 0) in n"=^+i ^^i' such that the closure 
S oi S := Y[ Si X U in X{D) is a neighbourhood of P. In the following, S will be shrinked without mention. It 
is easy to observe that we have only to consider the case ai ~ {i = 1, . . . ,£). 

Take h — l,...,n. Assume V(ajw) — for some section uj of ^'j^^^ on S such that ujj = unless 

J C {1, . . . , h}. We have d(exp{a)uj) — 0. For the expression exp(a) w = J2h^j fj '^^h dzj + J2h^j fj '^^J^ '^^ 

set t{z) — J2h^j exp(— o) ^ I-yi^z) d,Zhj dzj, where j{z) is a path taken as follows: 

• li h < m, the condition is similar to that for the path in (|48)) . 

• If m < /i, 7 is a path connecting (zi, . . . , 0, Zh+i, . . . , Zn) and (zi, . . . , z„). 

By using Lemma [5T^ we obtain that t e f^^ffl ® V. By a formal computation, we can show that ujv — V(tv) 

X{D) 

does not contain dzj for j > h. Hence, we can show the vanishing of the higher cohomology of Q*-'^^ (g) y by 
an induction. 

We have the decomposition Ii U I2 ~ £ such that Dj — IJiP/ {^i — 0}- Let us consider ^ y 

for any subset J C I2, where J'^ := £ \ J . If to n J 7^ 0, it is easy to show that )<^(-') ^ y jg acyclic 

by a formal computation. Assume to n J = 0. Let Vj — OD,,{*dDj) vj be equipped with the flat connection 
Vvj = vj ■ da^jjj on Dj. Let qj be the projection Tr^^{Dj) — > Dj{dDj). Then, it is easy to obtain a natural 
quasi-isomorphism Ij^i^'j^^gj^ j K/) — ^*rr^ (^y hy a. formal computation. Hence, we obtain the 

vanishing of the higher cohomology of ft* 5i^if )^^('^) ,g, y 

•n--i(Dj) 

We put h := I/2I. Let denote the kernel of the surjection il'-'^^^^'-^" (E)V — > n* ^J^'^^^ (E)V . Inductively, 
let G* be the kernel of the following surjection: 



\j\=k 

Because G* = <8) V, we obtain the vanishing of the higher cohomology by an induction on k. Thus, the 

X{D) 



proof of Proposition 15.31 is flnished 
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(49) 



5.2 Duality 

5.2.1 Duality morphism 

Let X, D and be as in Subsection 15.1.11 We have the foUowing naturahy defined morphism: 

II II 
Proposition 5.5 The following diagram is commutative: 

Here, the upper horizontal arrow is induced by (|49p . the lower horizontal arrow is given as in (jl7p . the left vertical 
arrow is given as in (1451) . and the right vertical arrow is given by Rn^UDlC^^^- ^ Ai ~ B-Rtt* DR^^^^ ^ Ai ~ 

Proof By LemmaEHl we have a morphism Rtt^ DR|^^^^' (DA^) — > DR'^^'-^^BM) given as foUows: 

Rn,Rnom^^ij,,{TT-'M, ^"~\^^'''-''') ^ Rnom-D, {M, i?7r,r!^* <^^^^^^) 

~ RHomv^ {M, n^ji'{*D2)<"') (51) 

It is easy to check that it is equal to the morphism obtained as in (j45p . The right vertical arrow in (j50p is given 
as follows: 

Rn.Rnomc^^Jn'£<;''^''^ ®7:-'M, 17V <^) ^ iiHomc. (i^-^f^^^^ ® >(, R^^^^^) 

~ RHomc^ {Q'x' <^'^^' (x)M, n'/ — ^ RHomc^ {n'^' <d^^^^ (g, M, n'/) (52) 
Then, it is easy to check the commutativity of (|50| . I 

5.2.2 The case of good meromorphic flat bundle 

Let us consider the case is a good meromorphic flat bundle V on {X, D). 

Theorem 5.6 The duality morphism DR^'^^^^ 3V — > DDR^'^^^^ V is an isomorphism. 

Proof We begin with elementary preparations. Let = 5o U 5i U 52 be a decomposition given as follows: 

So-.^ {{x,y)\y>0} 5i := { (x, y) | y < 0, x < 0} S2 :^ {{x,y) \y < 0, x > 0} 
We put Xi := (M x 5*1) U (M>o x So) and X2 := (K x 5*2) U (R<o x 5*0). The following lemma is easy to see. 
Lemma 5.7 Xi C M.^ {i — 1,2) are closed C'^ -submanifolds with boundaries. We have Xi U X2 — K'^ and 

Xir]X2^dx,. I 

We put J :=] - 1, 1[, J+ := [0, 1[, J- :=] -1,0], and li := [0, 1[ (i = 1, 2, 3). We have a homeomorphism 
d{Xi X T2 X I3) ~ R^, and we can identify the decomposition 

d{Ii X Z2 X Z3) — [dli X Z2 X Z3) U (li X 9X2 X I3) U (li X I2 X dis) 

with R2 = U S"! U 52. We put 

X[ := (jxlix dl2 X Z3) U (j+ X aZi x Z2 x I3) , X2 := f x Ii x Z2 x U f Jl x aii x Z2 x I5 



They are closed subsets of J' x d{Ii x I2 x I3). We obtain the following lemma from Lemma [577] 
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Lemma 5.8 X[ C J y< dili x I2 x T3) are -suhmanifolds with boundaries. We have X[ U X2 = JT" x d{li x 
I2 X I3) and X[r\X'2= dX[. I 

We recall some elementary facts on constructible sheaves. Let Y be an ^-dimensional C'^-manifold with the 
boundary dY . For a closed C°-submanifold W C dY with bomidary such that dim W = £, let jw denote the 
inclusion Y — W — > Y. We have the following natural isomorphisms: 

RHomcY {jw\CY-w , K) ~ Rjw*R'HomcY_„{CY-w, Rj'wK) ~ Rjw*jw^ 
The dualizing complex of Y is given by janCy-gy [^]. 

Lemma 5.9 Let Yi C dY be closed -suhmanifolds with boundaries such that Y1UY2 = Y and Yi H ^2 = dYi. 
Then, we have D^y^iCy-yj ~ jyjiCy-yj. 

Proof The left hand side is naturally isomorphic to jVi+jy^wy ~ jYi*io!Cy_oy where jo denotes the 
inclusion Y — dY — > Y — Yi. Then, we can check the claim directly. I 

Let us return to the proof of Theorem 15.61 We have only to consider the case X = A" and D = Ui=i{^j — 
0}. As in the proof of Proposition 15.31 we can reduce the issue to the case that V ~ Ox{*D)v with the 
meromorphic flat connection Vw — v da, where a = YiiLi -^^i"™' ('^i > 0)- We put Fa := — |a|^^Rea. We have 
the decomposition IiU I2 = (_ such that Dj = Uie/ {-^^j = 0} (j = I72). We set Ij{> m) :— {i £ Ij \ i > m}. 

We also put D{> m) ULm+ii^'' = 0} and D{< m) [jT=i{^i = 0}- The closed subsets Wi C n-'^{D) 
{i = 1,2) are given as follows: 



Wi := TT-^i^Di n D(> m)j U \ 7t-^{D{< to)) n {F^ > 0} 
W2 := n D{> to)) U [tt^i (D(< to)) n {F^ < 0} 



Lemma 5.10 Wi C tt ^(i^) are closed C'^ -submanifolds with boundaries, and we have Wi U W2 — tt ^{F)) and 
WinW2= dW^. 

Proof It is easy to observe that we have only to consider the case n — £. We have the natural identification 
X{D) ~ (5^)^ X M>o- By the decomposition £ = to U /i(> to) U l2{> to), we identify 



/i(>m) 



X KCn X 



We fix homeomorphisms 



R'^'o ~ Ii X R'"-\ R>^^>'"^ ~ I2 X rI^iO™)!-!, Rg>'") ~ Z3 X rI^^O™)!-!^ 
We put N := m + \Ii{> to)| + |/2(> to)| — 3. Let H± be the subsets of {S^Y given as follows: 

H+ := |cos(^^TO,;6l,) > o| := |cos(^^ m,6',) < o| 

Then, tt^^^D) is identified with {S^Y x x I2 x I3) x M^, under which we have 

Wi ~ (((S*^)^ X Xi X dl2 X I3) U X ail X I2 X I3)) X R^ 

W2 = (((S*^)^ X Ti X T2 X 5I3) U X dli X T2 X I3)) X R^ 

For a point Q G n we can take a neighbourhood ?7q such that t/ ~ J' x R^^^ under which H± DUq = 
J± X R^~^. Then, we obtain Lemma [5.101 from Lemma [5.81 I 

Let jwi be the inclusion X{D) \ Wi — > X{D). Let C and be the local systems on X{D) associated to V 
and , respectively. According to the description of £<^i<^2 g^jj^j £y<D2<Di ^ have the following natural 
isomorphisms: 

r<Di<D-2 ^ ■ \ ^V<D2<Di ^ ■ /^V \ 

L, - JWi\[L,x{D)\Wi) - ^^■^■\'-X{D)\W2> 
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By applying Lemma [531 we obtain an isomorphism ]D)£<^i-^2 ^ £V <D2<Di uniquely determined by its 

restriction to X~D. Then, we can deduce that DRlf'i,^^' W — > DDR^ff,^^^ F is an isomorphism. Thus, 

X{D) JiyD) 

the proof of Theorem 15.61 is finished. I 
Corollary 5.11 For a good meromorphic flat bundle V on {X, D), we have the following commutative diagram: 

X{D) X[D) 

=1 =1 

Proof It follows from Theorem l3.18[ Proposition 15.51 and Theorem 15.61 I 
5.3 Functoriality 

Let X be a complex manifold, and let Z? be a normal crossing hypersurface with a decomposition D = Di UD2. 
Let D3 be a hypersurface of X. Let (p : X' — > X be a proper birational morphism such that (i) D' :— 
ip-^{D U D3) is normal crossing, (ii) X' \ D' ~ X \ {D (J D^).^ Let X{D)-^ X and X'{D') — > X' be the 
real blow up. Both the projections are denoted by tt. Let cp : X'{D') — > X{D) be the induced map. We put 
D\ :— ip~^{Di). We have D'2 C D' such that D' ~ D[U D'2 is a decomposition. Let y be a meromorphic flat 
bundle on lx,D). We set (y', V) := (p*(y, V) (g) Ox (*£»')• 

Theorem 5.12 We have a morphism DR^^^'^^(y) — > Rip^ DR^f^^^^^(y) in the derived category of coho- 
mologically constructible sheaves, such that the following diagram of perverse sheaves is commutative: 

R^.DRf^^f 'iV) > /i,.B?.DR|°]S''>(V") 

DRx(y(!Z?i)) > R^,BRx'{V'i\D[)) 

Here, the vertical isomorphisms are given by (|45p and Corollary and the lower horizontal arrow is induced 

by the morphism of V-modules V{lDi) — > ip^V'{lD[). 

Similarly, we have a morphism Rif^.DK'^^^^^^iy') — > DK'^^^f^^ (V) such that the following diagram of 

X'(D') X{D) 

perverse sheaves is commutative: 



i?7r.i?(?.DR|f;g^^H^') > Rn^BRl^^f^'^iV) 



(54) 



Rip.BRxiV'ilD'^)) > BRx{V{\D2)) 

Proof We have a naturally induced morphism: 



It induces a morphism of cohomologically constructible complexes: 



We can directly check the commutativity of the following diagram: 
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It implies the commutativity of the foUowing diagram: 



(57) 



Then, we obtain the commutativity of (1551) from Theorem 13.201 

Considering the dual of (1561) with V'^ (see Theorem 15.61) . we obtain the following morphism: 

R^, DR|^^<^-^ (V) DR|^^<^^ (V) (58) 

Let us show the commutativity of the diagram (IMl) . From (|57p for , we obtain the following commutative 
diagram: 

ei?7r,i?(?,DR|fJg^''^(y'^) > ©i?7r,DR|^^^^^(F^) 

lD)Rip^DRx?'-^''{V"') > BDR^^'-^^V) 

By Proposition 15.51 and Theorem 15. 6[ we have the following commutative diagram: 

©i?7r,DR|^^^^^(T/^) i?^,DRy^<^^(F) 
I])DR<-°i^-°^(V^^) — ^ BR<^'-^'{V) 



We have a similar diagram for V' . Then, we obtain the commutativity of ([54| from the constructions of ([58| 
and dMl)- I 



5.4 A relation between de Rham complexes on real blow up 
5.4.1 Sheaves of functions 

Let X be a complex manifold with a normal crossing hypersurface D. Let g be a holomorphic function on 
X such that .g^^(O) = D. The image of id xg : X — > X x C is denoted by Tg. Let tti : X{D) — > X and 
TT2 : X X C — > X X C be the real blow up. We set X :— Tg y<(^xxC) ^ C). We obtain the following 
commutative diagram: 

p 



X{D) — ^ X ^ X X 

4 ^4 



■^3 

X Tg — ^ XxC 

Put Xo:^Xx {0} We set Af := Af^^ 0o,,e ^r, and Af :- ^<^i on X. 

Proposition 5.13 Naturally defined morphisms A'^^ — > '^^'^ "^^^ — ^ ^*'^^^d) ''^'^"''^ isomor- 

phisms: 

■^X - ^P*'^X{Dy ■^X - ^P*'^X(D) 

Proof Let vi : X{D) x C — > X{D) x C and V2 ■ X{D) x C — > X x C be the naturally induced morphisms. 
Let t be the coordinate of C. Because t is invertible in yl'"' ~, we have A'^^ = A'^^ 7i{*9) ®Oxxc ■ According 
to Theorem 14^ we have 
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We put Xi Tg X(xxC) {X{D) x C) and X2 := Vg x^xxC) {X[D) x C). We set 



Or 



nil 



We have the foUowing naturally given commutative diagram: 



X2 



X 



X(D)-><C 



Or 



From (l59l), we obtain RKi.^A'f = and Rk2*A%^ = y^'lj'. We have a natural identification Xi ~ XfD) and 
^ ^mi ^^gQ have p o fii = and hence 



X2 X 

Let us consider the second isomorphism. We put D' := {D x C) UXq- We have the following isomorphisms: 



X{D)xC 



X{D)xC' 



Hence, we obtain the following: 



<D' ^ , 

D)xC ' 



Rv' 



2* 



X{D)xC 



V X(D)x{ 



0,» <D' 



Thus, we obtain the following isomorphism: 



0,» <D' 

'XxC 



XxC ^'-^^xc ^9 



Lemma 5.14 The following natural morphisms are quasi-isomorphisms: 



n 



0,. <Xo 

'XxC 



(60) 

(61) 
(62) 



Proof Let us show (pT|) . The other can be shown in a similar way. We have only to show that O^^-i^Org — 0. 
Because the multiphcation of i — g on O^^g has the inverse (t — g)~^ = J^'jLoid/ty ^ we obtain the desired 
vanishing. I 

Let us return to the proof of Proposition 15.131 From (|60|) . (|6T|) and (|62|) . we obtain a quasi-isomorphism 



Or,, which gives ~ 



I 



5.4.2 De Rham complexes for good meromorphic flat bundles 

Let X be a complex manifold with a normal crossing hypersurface D. Let tti : X{D) — > X be the real blow 
up. Let C denote the real blow up of C along 0. Let (7 be a holomorphic function on X such that g~^(0) = D. 
The induced inclusion id X5 : X — > X x C is denoted by tg, and the image is denoted by F^. 



X{D) 



X 



X X 



X X 



We put Xo := X X {0}. 
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Proposition 5.15 We have natural quasi-isomorphisms 

DRxxc(^.t-M) - i?vDR|;^^(X), BR<f^{c,,M) iJT,. DRl^^^ (X) 

on X xC. 

Proof Note that igf — ig^,Ai[dt]. By using Proposition l5.131 we obtain 

Here, a tangent vector v of X and 9t acts on Ai [dt] by (g) m) = 9" (8) (f m) — d^^^ (8) {vg)m and i9t (9" m) = 
5"+^ ® m. Then, we obtain the following natural quasi-isomorphisms: 

RTg, (TTfi {n"/ ®M[dt]) ® A%\^^ TTfi (l]^* ^M[dt]) ® ^f(^) dt) 

4^ iffg* (0 ^ TTf 1 (8 7W) (8 rfi) (63) 

Thus, we obtain DRf ^^{Lg^M) ~ i?!^, DR|^^^^ (A^) . The other can be shown in a similar way. I 

5.4.3 Complement 

Let Fq : Xq — > Yq be a proper morphism of complex manifolds. Let C denote the real blow up of C along 0. 
We set X Xq x C and X := Xq x C. We use the symbols Y and Y in similar meanings. Let F : X — > Y and 
F :X — s- r be induced by Fq. Put Dx := x {0} and Dy := Yq x {0}. Let ttx : X — ^ X and Try : F — >Y 
be the projections. 

Let be a holonomic I?- module on X. We set 

F^-^f ®.-^o. ^x'M) RF^^Af 0,-.^^ ^^^(Py^x M)) 
We define Ft(^|^^ ® t^x^M) in a similar way. By using natural morphisms 

we obtain the following morphisms: 

By a formal argument for the compatibility between the de Rham functor and the push-forward, we obtain 
natural morphisms: 

BRf oF^{M) RF, o DRf{M), DR|^^ oF^{M) — ^ RK o DR|^^ (M) 

5.5 Some rigidity 
5.5.1 Statement 

We set X := A" and D := lJi=i{-^i = 0}- Let (V, V) be a good meromorphic flat bundle on {X,D). Let £ 
be the associated local system on X{D). Let g be a holomorphic function on X such that g^^(O) = D. Let 
Fg C X X C be the image of the graph of g. We put X :— Tg 'X-(xxC) ^ C). We have the naturally defined 
morphisms: 

X(D) — ^ X X 

We put TT2 :~ vTo o TTi. We set K. :— Rtti^L-^ . In this subsection, we will work on the derived category of 
cohomologically constructible sheaves. 

Theorem 5.16 The restriction Hom(/C,/C) — > Hom(/C|^-i(-^_^-), ^^^^^'-(^x-d)) ^"^ injective. 
We will give a consequence in Subsection 15.5.61 
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5.5.2 Reduction 

We put I)!™] := y Dj. It is easy to see that 

\I\=rn 

Hom(/C|^-i(^_^p]), /C|^-i(^_^(2])) — > Hom(/C|^-i(^_^), IC\^-1(^x-d)) 

is injective. Hence, we have only to show the injectivity of the following morphisms for m > 2: 

Honi(/C|^-i(_Y_^[„+i]), > Hom(/C|^-i(^_^[„.]), 

Then, it is easy to observe that we have only to consider the case £ — n and the following morphism: 

Hom(/C,/C) ^ Hom(/C|^-i(^„o), IC^^-i^x-o)) 

By the adjunction Hom(7r5;A:, ~ Hom(/C,/C), we have only to show the injectivity of the following mor- 

phism: 

Hom(^t/C, C^^) Hom(^*/C|^-.(;,_o). ^S\x-o)) 
We have = unless < i < n — 1, because the real dimension of the fiber is less than n ~ 1. We set 

Let i : TT^^X -O) — > X{D) and i : 772^^0) — > X{D). 
Lemma 5.17 To show Theorem \b we have only to show 

£xi^(i*i*/C\£^-°) = i,j<n-l (64) 

Proof From the distinguished triangle /C*[— i] — > TyiiilJC — > TyiJ^iir^tC ^'-'>, we obtain the long exact 
sequence: 

Ext'-l(^^/:^^) — ^Hom(r>i+i7r*/C,£^-°) — ^ Hom(r>i7ri*/C, — ^ Ext' (^*, 

We have the corresponding long exact sequences for the restrictions to 7r2"^(X — O). The injectivity of 
Hom(r> iTrj^/C, — Hom(T>i7r5'/C|^-i^^_Qj, can follow from the injectivity of 

Exf(/C\/:^^) ^ Ext'(/C;^-.(^_„), ^£^(x-o))' (65) 

Hom(r>,+i7ri*^, C-°) — > Hom(T>,+i7ri*/C|^-i(^_o), (66) 
and the surjectivity of 

r<D\ , -[^,.4-1— 1 ft _ 

■'\^:^\x~oy'-'\^-\x-o)> 

By an easy inductive argument, we can reduce Theorem 15.161 to the injectivity of (|65p and the surjectivity of 
(|67p for any i < n — 1. 

From the exact sequence — > ]\ fJO — > /C* — > i*i*/C* — > and the adjunction Ext* (j!j*/C', ~ 
Ext*(j*/C*, we obtain the following exact sequence: 

Ext'-i(/c\ z:^^) ^ Exf-i(j*/c\ j*/:^^) ^ Exf (i*i*/c\ /:^^) 

— > Exf (/C\/:=^-°) Ext*(j*/C\ j*/:^-") (68) 

Hence, the proof of Theorem [06] is reduced to the vanishing Ext*(i*i*/C*, = for any Q <i <n—l. For 

that purpose, we have only to show Thus, the proof of Lemma [5. 171 is finished. I 

In the following, we will show fa;t*(7rf ^(/),£-^) = {i = 0, . . . ,n — 1) for any constructible sheaf / on 
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Ext-l(/C^£^^)^Ext-l(/C;^,.^_^„£f^^,,_^J. (67) 



5.5.3 Local form of ttj^ ^(I) 

Let (zi,...,z„) be a coordinate with z~^{0) ~ Di. It induces a coordinate (6*1,..., 0„) of 7r^'^(0), which is 
independent of the choice of (zi, . . . , z„) up to parallel transport. We take a coordinate t of C, which induces 
a coordinate 9 of t:^^{0). The induced map 7r^^(0) — >■ 7r^"'^(0) is afRne with respect to the coordinates 
(01,..., 0„) and e. 

Let us consider the behaviour of 7r^^(/) around P e 772^^(0), where / is a constructible sheaf on ttq^IO). 
We may assume P = (0, . . . , 0). The map tt^^ (O) — > ttq"^ (O) is of the form {9i, . . . , On) ' — > J2'^i^i + where 
(3 — 7Ti{P). The sheaf / is the direct sum of sheaves of the following forms: 

• The constant sheaf around /3. 

• jiCj or j*Cj, where J is an open interval such that one of the end points is /?, and j denotes the inclusion 
J^7r-i(0). 

Hence, Trf ^(/) around P is described as the direct sum of sheaves of the following forms: 

• The constant sheaf C -i,r^\. 

• 3*'Ch or jfCn, where H is an open half space such that dH 3 P, and j : H — > ■Kq^{0). They are denoted 
by C/f* and Ci/i. 

5.5.4 Local form of and C/C^^ 

Let P e 7rg"^(0). We have a decomposition around P: 

r — CS^ r c^^ - CS^ r^^ 

aelrr(V) oelrr(V) 

Let us describe and C/Cf^ around P. For an appropriate coordinate, a = zf™^ • • • z,7™" for some 
rrii > 0. Let qa ■ A" — > A be given by (zi, . . . , z„) i — > Y\ ^1"'- Let tta : A(0) — > A be the real blow up. We 
have the induced map: 

n 

1=1 

Let Q be the local system on A(0) with Stokes structure, corresponding to {Oa{*0), d + (i(l/z)). Note that 
Q/Q-'^ is the constructible sheaf j*Cj on 7r^^(0), where j : J — (— 7r,7r) — > 7r^^(0). Let r(a) be the rank of 
Ca- We have isomorphisms: 

Around P, we have an isomorphism g*(Q/Q-'^) ~ i*C, where Z := q^^{J) and l : Z — > (5^)" x M"q. Note 
that Z is of the form Zq x 9IR."q, where Zq is the inverse image of J via the induced map (S"^)" x {0} — > x {0}. 
Hence, (7*(Q/Q-°) is isomorphic to one of the following, around P: 

• The constant sheaf C(5i)nx(9Bjg ■ 

• jif+Cif x9Rj(,, where K is an open half space such that dK 3 P, and Jk K x 9M"g — !• (S*^)" x M" q. It 
is denoted by Cxxdmig*- 

5.5.5 Proof of Theorem \5A6\ 

We reduce the proof of the theorem to the computation of Exf (tti^ I ^ qa^{Q/ Q-^)) for i < n — 2. 
Lemma 5.18 We have Ext\-n^'^I,q-^Q) = for any i. In particular, we have isomorphisms: 

Ext\iT^'l, q-'Q^^)c^Exe-\'K^'l,q-\Q/Q^^)). 
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Proof Let L : (S*^)" x {0} — > (S*^)" x 9R"q denote the inclusion. There exists a constructible sheaf F on 
(5^)" such that Trf ^/ ~ t+J". We have the adjunction £xf(L^,T, qa^Q) — i*£xf{T,i'q~^Q). Note = 
Dt-iD(g-iQ) = 0, because Bq'^Q is 0-extension of a constant sheaf on (S*^)" x M?^o by (S'^)" x R^q — ^ 
(5^)" X M>Q. Hence, we obtain £xf [i^F ,q~^Q) — 0, and the proof of Lemma 15.181 is finished. I 

Now, let us show the following vanishing of the stalks at P: 

8xt^{n^'l,q-\Q/Q^''))p = 0, U <n-2) (69) 

It can be computed on (5^)" x 9M"q. We have the following cases, divided by the local forms of tt^^{I) and 
qa\Q/Q-°) around P: 

(I) iT^H C(si). and g-i(Q/Q^") ~ C(si).xaR5„. 

(II) TTi-i/ ~ C(5i). and <z-i(Q/Q^") ~ CxxSkj^*. 

(III) ^r'^ = Ch. and g-i(Q/Q^°) ~ C(si)„x9E5„, where * = 

(IV) TTi^I ~ Ch* and q^^(Q/ Q-") ~ CxxdR^g*, where ★ = *,!. Moreover, this is divided into three cases 
(IV-1) dH and dK are transversal, (IV-2) = K, (IV-3) H = -K. 

In the following, for a given i : Yi C Y2 and * = let Cy^^ := i^Cy^ on It is also denoted just by Cy^, if 
there is no risk of confusion. 

The case (I) Instead of (5^)" x {0} — >■ (S*^)" x 9R>q, we have only to consider the inclusion {0} — > 



pn— 1 



_ ji-i . We obtain from the following standard result 

£xt'{Co,Cj,^-i)^c 



U <n-2) 
C (i-n-1) 



The case (II) We have the exact sequence — > C(^s'^)'^\k<. — > C(si)n — y <Ck* — > 0. Let l denote the 
inclusion ((5I)" \ K) x 9R|o — > (S'^)" x aR^g. Note l* = t', and hence t'C^xORjo* " ^- ^^^^ 



^ 

p 



('^((5M"\^) x{o} !' '^^x^S *) P ('^((5^^^) x{0} ' ^'C/fxaE5 „*) 

Hence, we obtain 

The case (III) Let us consider the case ★ = *. We have the exact sequence: 

> C(^s^)"xdR'^g\Hx{Q}\ > C(5i)>>xaR5o > C_ff* > 

Let ki denote the inclusion H x {0} — > (5^)" x 9R" q, and let k2 denote the open embedding of the complement. 
Because kl<C(s'^)"xdm^g\Hx{o}\ — 0, we have the following isomorphisms: 

RHom(C(si)'^ xdR'^ g\Hx{0} !) C(51)»ix9R|q)p — ^'Wo™(C(si )" xORJ. o\Hx {0}! i 'Ci^s^)"xdR^„\Hx{0}') p 

~ /c2*(C(5i)^xaRg^\Hx{o})p - (C(si)"xaR5 Jp (70) 

Hence, we obtain KHomiCH*, C(5i).ixaRj|^)p = 0. In particular, Ext-' {'CH*,C(si)'^xdR^g)p — ^oi any j. 

Let us consider the case ★ =!. We have the exact sequence — > Cm — > — > C(^s^)"\h* — > 0- 
Hence, we obtain the following isomorphisms: 



£xt^{CH\,C(s^^'-xaRiJp = frf-'(C(si)«, C(si),>xaR| Jp = | 



(j <n-2) 
C ij=n-l) 
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The case (IV-1) Let us consider the case -k = *. Let J\f be the kernel of C^* — > Cedk*- 
Lemma 5.19 We have RHom(J\f, CfcxdR'^g*) p ~ 0. 

Proof Let t be the inclusion \K) x dW^^ — > {S^)'' x dK'^f^. Then, TV is of the form uAfi. Then, the 

claim follows from t CKxSRjij*- I 

We have the exact sequence: — > C/^ xaR5„\(HnK)x{o}! — > CxxORgo — ^ 'C{HnK)x{o}* — > 0. Let k 
denote the inclusion K x q \ {H (1 K) x {0} — !• K x 9IR"q. We have the following isomorphisms: 

R'Hom(CKxaWl^\{HnK)x{0}\, CxxdR^lJ p — R^*^'^O''^{^KxdK^g\(HnK)x{0}i 'CKxdKi.„\{HnK)x{0}) p 

— 'C-KxdR'^g.P (71) 

Hence, we obtain RHom{C.(^HnK)x{Q} '^xxdR^,^*) p = 0, and £xt^(CH*, CKxdRig*) p = ^ any j. 

Let us consider the case ★ =!. We have an exact sequence — > €.h\ — > C(5i)>i — > C(^s'^)^\h* — > on 
(S"^)". By using the previous results, we obtain 



£xt^{CH\, CxxdR'^g*) p 



ij <n-2) 
C 



The case (IV-2) Let us consider the case ★ = By considering — > 9M>o, we obtain 

£xt' {Ch*,ChxOri,*) p - I c (i = n - 1) 

Let us consider the case :*r =!. We have an exact sequence — !• C^! — > C^* — > 'C-oh* — > 0. Let us look at 
Ext-' [CdH*, 'CnxdR'^g)- For — > [0, l[xR"~^, we have £xt^ (Cq, C[o.i[xR"-i) = for any j. Hence, we obtain 



Ext-' (C-Hi, Ci/> 



U <n-2) 



The case (IV-3) It is easy to show Ext-' (€.H\,'CKxdR^g) = for any j. By using the argument in (IV-2), we 
can show Ext-' (C-h*, 'CxxdR^) — for any j. Thus, the proof of Theorem 15.161 is finished. I 

5.5.6 Some uniqueness of /^-structure 

We use the notation in Subsection 15.5.11 Let F be a good meromorphic flat bundle on {X,D). Let g be 
a holomorphic function on X such that g^^(O) = D, and let ig be the graph X — > X x C We regard 
DR"'^ig(ig|y) as a cohomologically constructible sheaf on X. 

Let K he a subfield of C. A iiT-structure of DR^'^~(ig|y) is defined to be a if-cohomologically constructible 
complex on X with an isomorphism a : J- C ^ DK^^^^{ig^V) in the derived category. Two if-structures 
{J-'i,ai) {i = 1,2) are called equivalent, if there exists an isomorphism /3 : J^i — > T2 for which the following 
diagram is commutative: 

Ti®<C T2<E)C 

Lemma 5.20 Let {Fi,ai) {i = 1, 2) be K-structures 0/ DR^'^g(ig|y) . // their restriction to 7rj~^(X — D) are 
equivalent, then they are equivalent on X . 
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Proof We put :— Ti ® C. We have the following commutative diagram: 

Hom(J"i, J"2)(8)C > ^o^{^i\^-\x^Dy^2U-\x-D)) 

Hom(^f,^C) , Hom(^[;^_,^^_^^,^^^^_,(^_^^) 

According to Theorem 15.161 the horizontal arrows are injective. Hence, Hom(J^i,J'2) is the intersection of 
^'^H^i\^-\x-DY^2\.^Hx-D)) andHom(j-f, J-f^) '^'[^^oH^\^~\x-dY^\.-\x-d))- the element of 

Hom(J"f , ) corresponding to the identity of DR^'^g(ig| comes from Hom(J^i, 7^2)- I 

6 Good pre-A'-holonomic X>-modules 

6.1 Good K-structure and the associated pre-A^-Betti structure 
6.1.1 Good meromorphic flat bundle with good if-structure 

Let if C C be a subfield. Let X be a complex manifold with a normal crossing hypersurface D. Let F be a 
good meromorphic flat bundle on (X, D). 

Definition 6.1 We say that V has a good K-structure, if the flat bundle V\x-d has a pre-K-Betti structure 
such that any Stokes filtrations are defined over K. I 

Let D = Di\J D2 he a, decomposition. Recall that the complex DYC^^^^ (■^) quasi-isomorphic to its 

0-th cohomology sheaf £<Di<D2^ ^ggg Subsection 15. 1.21 ') It is naturally equipped with a iC-structure £^^^-^'^ , 
if V has a good X-structure. By CoroUarv 13 . 161 and (|45l) . we obtain a pre-i^-Betti structure 

of the holonomic 2?-module V(lDiY These pre-if-Betti structures are called canonical. Let D[ U D'2 — D he 
another decomposition such that Di C D[. The natural morphism V(ID[^ — > V(lDi^ is compatible with the 

pre-if-Betti structures. We also use the symbols J^y^, and J^yi to denote J-y^ and J-y^ , respectively. We also 
use the symbol J-y to denote JV* for simplicity. 

More generally, let t : Z C X be a complex submanifold with a normal crossing hypersurface Dz- Let Vz 
be a meromorphic flat bundle on {Z,Dz)- We say l^Vz has a good iiT-structure if Vz has a good if-structure 
in the above sense. The canonical pre-iC-Betti structures for LijVz{lDz.i) are also defined in a similar way for 
a decomposition Dz = Dz.i U Dz,2- 



6.1.2 Induced pre if-Betti structures on the nearby cycle functor and the mEixinial functor 

We set X :— A" and D Ui=i{-^i — 0}- L^t V be a good meromorphic flat bundle on {X,D) with a good 
if-structure. For each I C £, we set lu :— I U {i} and I-h ■= I\ {*}• The 2?-module 

n^/(n!^(/))) = (y®3«f)(!i?(/«)) 

has the canonical pre-if-Betti structure, where ★ = Hence, ■0i(y(!_D(/))) and 'E.i(V{\D{I))) have the 

induced pre-iC-Betti structures. 

Lemma 6.2 The induced pre-K-Betti structure of ^pi{V)\D.\gD. is good, i.e., it is compatible with the Stokes 
filtrations. Moreover, the induced pre-K-Betti structure of ipi(V{lD{r))^ is canonical for each I C £. 
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Proof We have only to consider the case i = 1. We give a preparation. By Lemma [3 .171 we have the following 
commutative diagram: 



BRx(Tl-r°ivmi)))) > DRx(Tl-r'\vmi)) 



(72) 



DR 



<-D(/!l) 

X 



oo.0\ 



^ DR 



<£>(/.!) 

X 



By the upper square, the induced ii'-structure of DKx i^i{V{^-D{I))) can be identified with the X-structure of 
the following: 



DR<^('-^' MV) ^ Cone{DRj^^'-^^(n-°°'V) ^ DRJ^^^'^^ (n^^^^^V; 



,<D(/.i) /„-oo,0. 



(73) 



We set D' := Ui=2 ""i ■ -^(^') — ^ ^e the real blow up. We obtain ((73| as the push-forward of the 

following on X{D'): 

j^^<Dii,,)<Dii-in) ^ ^ ConefDRl^(^-)^^(^-^-)(n-°°'V) ^ DRI^^^-^^^'^-^^ Vn^r ' V)) (74) 



We prepare some commutative diagram in a general setting. For a holonomic I?x-module A^, we put 



J3j^<£'aii)<£'(i-/ii)_^ fi<DiIn)<Die-In) 



We have the following commutative diagram obtained from a commutative diagram similar to ([14] 
j3j^<i>(/ ,)<Da-/u)^(,^^) ^ DRl^(^-'^^(^-^-)X(*i?i) 



DR 



<D{lM)<D{i-hi) 
X{D') 



M 



DR 



<D[I.i)<D{i-I.i) 
-XiD') 



M 



If is a good meromorphic flat bundle, the left vertical arrow is also quasi-isomorphism, which can be shown 
by the argument in the proof of Proposition 13.151 

Let p : X{D) — > X{D') be the induced map. We have the following natural commutative diagram, where 
the vertical arrows are quasi-isomorphisms by Theorem 14.91 



<n(/,i)<_D(^-/,i) 



X(D') 



M 



X(D) 



X(D') 



X (U) 



Thus, we obtain the following commutative diagram, in which the vertical arrows are quasi-isomorphisms: 



DR 



<D{I,x)<D{i-In) (j^-oofi 



X(D' 



DR 



<D{I.i)<D{l-In) ,'rr-oo>0 
-XiD') 



(75) 



<D{I,i)<D{e-Li) 



{V(E)3 



-oo,o^ 
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Because DR<-°(('^^-^^-"^'^Vy (g) and DR<^((*^)--°(^-^*^Vy (g 3"°°'°) are equipped with i^T-structures 

X(D) ^ 21 y X(D) ^ zi y 

compatible with the niorphism, we obtain a if-structure of DR^^^f^''^^*'- -01(1/) from ([74l) and (TTS]) . 
Moreover, the lower square in ([7^ is obtained as the push- forward of ([75]) . Hence, the i^T-structure of 
DRx V-i is obtained as the push-forward of the i^-structure of dr1-°^^*^^--°^-"-^'i^ MV). 

Let us consider the case I — %. By the above consideration, we obtain that is compatible with the 
ii'-structure, where J-^ denotes the Stokes filtration of V'lC^) each point P e ir^'^idDi). By considering 
the tensor product with meromorphic flat bundles with rank one, we can deduce that is defined over K . 
Since the pre-iC-Betti structure of -01 (T^(!D(/))) comes from the X-structure of DR-^i^^*^''^^^- %Iji(V), it 

is canonical. I 

6.1.3 Good holonomic _D-module with good iiT-structure 

Let be a good holonomic 2?- module on {X, D). 

Definition 6.3 We say that Ai has a good K -structure, if (i) <pi{M){*D{r)) has a good K-structure, (put 
00 (A^) '.= M), (ii) the induced morphisms 

i^,MM){*D{n) cj),MM){*D{n) ^,MM){*D{n) {i ^ I) 

are compatible with the K -structures. I 

A morphism of good holonomic _D-module with good i^-structures f : Aii — > A^2 is defined to be a morphism 
of D-modules such that (t>i{f) are compatible with /C-structures for any I <Z £. Let WoV^°°'^ {X ^ D ^ K) denote 
the category of good holonomic ZJ-modules with good if-structures on {X, D). It is an abelian category. 

Let be a good meromorphic flat bundle on X with a good X-structure. Then, we naturally have 
0j (!£)(/))) (*D(J'')) ~ for any I,J C £, which are equipped with good K-structures. Via these 

iC-structures, we regard V{ID{I)) e llo\<^°°'^{X,D,K). 

Lemma 6.4 Let M G }iol^°°'^ {X , D , K) such that M{*D{J)) = M. Let I ^ I such that \I\ = n-dimSuppA^ 
and Vj — (/>/(A^) (*Z)(/^)) ^ 0. Then, the morphisms i^Vf (!_D(/^) *D{J)^ — > Ai — > i^Vj are compatible with 
good K-structures. 

Proof We set Mi := i^Vi{lD{I'') * D{J)) and M2 := ifVj. Let us show that (I>l{Mi){*D{L')) — > 
(/)l(A^) — > 4'l{-M2){*D{L'^)^ are compatible with if-structures for any L C £. We have only to 
consider the case L D I. In the case L = /, it is clear. Assume that we have already known the compatibility 
for L. We set Lj :— LU {j} C i. We obtain the following morphisms compatible with if-structures: 

^j{<I>l{Mi){*D{L-))) -^^,(^cf>L{M){*D{L'))) c^,MM){*D{L'^)) 

^ ^,(cI,l{M){*D{L-))) V,(0L(A^2)(*i?(i^))) (76) 

It implies the compatibility for Lj. I 



6.1.4 Pre-_fi'-Betti structures for ^/?/'j(t|Vf) 

Let KLiJLiI = Lc£. Let Vj be a good meromorphic flat bundle on {Dj, dDj). Let l : Dj — > X. For a map 
f -.KUJ — ^ {0, 1}, we set Ko{f) := f-\0) n K. We put 

Cf{J,K,c^Vj):=[L^Vj^ (g) (g) 3--^°)(!i^(,ri(0))). 

keKoif) WKoif) 
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Let denote the constant map valued in {0}. Let Si denote the map such that Si{j) = (j 7^ i) and di{i) = 1. 
We can identify 'i/;j(t|V/) as the kernel of the following morphism: 

Co{J,K,L^Vi) Cs,{j,K,L^Vi) (77) 
If Vi has a good X-structure, we obtain a pre-iC-Betti structure of SxV'./(''t^/) ^"7 ([77]) . 

Lemma 6.5 For i ^ L, we set Ki :— K[J {i} and Ji :— JU {i}. The following morphisms are compatible with 
the pre-K-Betti structures: 

Proof It is clear by construction. I 
Recall that we have the naturally induced good X-structure on i/ii (ijV/) for z ^ / fLcmma l6.2p . 

Lemma 6.6 For i ^ L, the natural isomorphism Sx^/^ji (t| Vf) ~ ^K'4'j{i^i{''-\^i)^ compatible with the 
induced K-structures. 

Proof Both the if-structures are obtained as the kernel of the morphism (|77p for {Ji,K). I 
6.1.5 Functoriality 

Let Di U I?2 be a decomposition of D. Let be a hypersurface of X. Let (p : X' — > X be a proper birational 
morphism such that (i) D' := ip^^{D^ U D) is normal crossing, (ii) X' — I?' ~ X — [D^ U D). Let be a 
good meromorphic flat bundle on [X^D) with a good if-structure. We put V' tf*V ® Ox'{*D'). We set 
D[ := (p~^{Di). We take D'2 C D' such that D[ U is a decomposition. 

Proposition 6.7 V is equipped with an induced K-good structure. Moreover, the natural morphisms 

V{\D^) ^ V^V'{\D[), V^V'iW'^) ViW^) 
are compatible with the canonical pre-K-Betti structures. 

Proof The first claim is easy to see. Let us show the second claim. We use the notation in Subsection 
15.31 Let : X'{D') — > X{D) be the induced map. By construction, it is easy to see that the morphisms 

DR'i'^'f^'iV} Rif, DRl5^^^^'(^') and Rip, I^Rt'^,^^^' {V) — > DRlf^P^(V^) are compatible with the 

induced i^T-structurcs. Then, the second claim follows from Theorem 15. 121 I 

6.2 The associated pre-K-Betti structure 
6.2.1 ^-squares of complexes 

For small categories Ai [i — !,...,£), let ni=i denote their product, i.e., the category whose objects and 
morphisms are given by ob^Hi^i — 11^=1 ob(Ai) and Mor(a, b) = H Mor(ai, bi). Let F be a small category 
given by the following commutative diagram: 

(0,0) — ^ (0,1) 

b c| CO a ^ dob 



(1,0) (1,1) 

Let A be an abelian category. Let C{A) be the category of complexes in A. A square in C{A) is a functor 
F : F — !• C{A). For a given square F, let F[{F) be the total complex of the following double complex: 

f(o,o)[i] i:*^^^ ^^(o,i)eF(i,o) ^^^^t£^ ^^(i,i)[-i] 

An ^-square in C{A) is a functor F : F^ — > C{A). Let tt^ : F^ — > pf-i |-,g ^-j-^g projection forgetting the i-th 
component. For a given ^-square F^ we obtain an [i — l)-square Hi^F by Tii,F[a) = Hi^F^^-i^^^^^ 
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Lemma 6.8 For i < j, we have an isomorphism TTi^TTj^i^ ~ TTj^i^T:i^,F . 

Proof We have only to consider the case £ — 2, {i,j) = (1, 2). The i-th terms of the both complexes are given 

by 

^ F{ai,a2,bi,b2). 

ai-\-a2-\-bi-\-b2—i — 2 

The multiplication of -1 on F{0, 0, 0, 0) ® F{1, 1, 0, 0) ® F{0, 0, 1, 1) ® 1, 1, 1) interpolates the differentials 
for ^Ti^.^^j^,F and 7rj_i*7ri*F. I 

For any subset I C £_, let ttj : — > F^ be the naturally defined projection. We take / = /q C /i C • • • C 
Im = which induces the factorization tt/ = tt^-*^) o tt*^^) o • • • o 7r'^™\ where tt^*-* : F^' — > F^'-^. Then, we set 
7r/*i^ := ttI^^ o • • • o iri"^"^ F. It is well defined up to isomorphisms as above. 

6.2.2 The associated pre-ii'-Betti structure 

Let M he a. good holonomic I?- module on {X,D). Let H <Z L Let us construct an i?-cube in the category of 
good holonomic X'-modules on {X,D). For — {{ik,jk) \ k e H) e obF^, we have the following subsets of 
H: 

HiJ) = {k I (tk.Jk) = (0, 1)}, J{iJ) - {k I iik,jk) - (0,0), or (1, 1)}, K{iJ) = {k \ {ik.jk) = (1,0)} 

Then, we put {M,i,j) := ^j(^i^j)'\l>j{i,j)4'K(ij)M.. For fco ^ H, we have the following naturally induced 
diagram: 

ipko'^i4'j4'KM > Eko'B.iiij4>KM 

1 1 (^8) 

(j>ko'^Ill^J(f>KM > iJko^I1pJ(l>KM 

For each decomposition H = {h}U{H ~ {h}), we have a similar diagram. Thus, we obtain an H-cuhe (Ai) of 
good holonomic 2?- modules. The cohomology associated to ([75]) is naturally isomorphic to Ei4>j<j>K-M. Hence, 
we have a natural quasi-isomorphism TrH*Q-{.M) ~ Q^{A4). In particular, we have a quasi-isomorphism 
TTi,Q^M):^M. 

If A4 has a good if-structure, each Q-{Ai,i, j) is equipped with the pre-if-Betti structure J^j^{i,j), given 
as in Subsection 16. 1.41 

Lemma 6.9 The morphisms are compatible with the pre-K-Betti structures. 
Proof Let us consider the morphisms in the diagram (j78p . The morphisms 

Tpko'^IIpJff'KM > Ek„^illjj(j)KM > Ipko'^li'J't'KM 

are compatible with the pre-i^-Betti structures by construction, as remarked in Lemma [6?5l Let K' :— £— {KU 
fco). By definition, the morphisms 

MkM{*D{K')) cpk,4>KM{*D{K')) ^kjKM{*D{K')) 

are compatible with the if -structures. We remark Lemma l6^ and then it follows that 

1pka'^I1pjcj)KM > (l)ka'^li]J<i)KM > Tpko^li^Jff'KM 

are compatible with the pre-if-Betti structures. I 

Thus, we obtain a pre-if-Betti structure of ne^Q-{M) ~ DRA^, which is independent of the choice of a 
factorization of tti. It is called the pre-if-Betti structure of M associated to a good iiT-structure. 

More generally, if A4[*D{H'^)) = A4, any j) are equipped with the pre-if-Betti structures, which 

induce a pre-Jf-Betti structure of M. The naturally defined morphisms Si/cS^f Vj0/(-^) — > ^Ki^j(l)i{-M) 
induce the quasi-isomorphism tt^* Q-{M ) — > tth* {-M ) , which is compatible with the pre- A'-Betti structures. 
Namely, the associated pre-ii'-Betti structures of A4 are the same. 
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Lemma 6.10 The canonical pre-K-Betti structures of V(\D{H)^ is equal to the pre-K-Betti structure associ- 
ated to the good K-structure. 

Proof By the above consideration, the fohowing isomorphisms are compatible with the pre-i^-Betti structures: 

V{\D{H)) ^ Q"{V{\D{H))) ^ Q^iVilDiL))) 
Then, the claim of the lemma follows. I 

6.2.3 The induced pre-if-Betti structures on the functors along a monomial function 

Let g he a. meromorphic function on {X, D) such that g~^{Q) C D. Let D = Di U D2 be a decomposition such 
that D g~^{oo) and D2 C g~^{0). (Note that Di are not necessarily irreducible.) We have the pre-X-Betti 
structure oiEg{V,*Di) and ijjg{V,*Di) as the kernel of F a-°°'"(!Z)2*£'i) — > V (g) 3-°°^°{*D) for a 1,0. 
Since the canonical pre-if-Betti structures of F (8) 3~°°''^{\D2* Di) and V (8) 3~°°'°{*D) are associated to the 
good if-structures, the induced pre-if-Betti structure of 5g(V, *Di) and ipg{V, *Di) are also associated to the 
good iiT-structures. 

Let M e Iiol^°°'^{X, D,K) be such that M = M{*Di) and M{*D) = V. By LemmaHH we obtain the 
following complex in }io\^°°'^{X, D, K): 

M{\D2*Di)^ M®'~g{V,*Di) ^ M{*D) (79) 

Hence, we obtain that (j3g{M,*Di) e Hol^°°''(X, D, if). The pre-if-Betti structure induced by ^ is the 
same as the one associated to the good iC-structures of (t>g{M.,*Dij . Similarly, we have the description of 
pre-if (*I?i)-holonomic I?(*-Di)-module M as the cohomology of 

lPg{M,*Dl) Eg{M, *Dl) © 0g(X, * D l) ^ 4, g {M , * D l) . 

6.2.4 GlobaUzation 

Let Aii [i ~ 1,2) be good on {X,D) with a good iiT-structure. Let J^i be the associated pre-if-Betti structure 
of BRMi. 

Lemma 6.11 Let (p : A4i — > M2 be a morphism of D -modules. If it is compatible with the associated pre-K- 
Betti structures J-i, then it preserves good K-structure of A4i, i.e., 0/(A^i)(*D(/^)) — > 4'j{M2){*D{I'')) are 
compatible with K -structures for any I. 

Proof We use an induction on p{Mi ffi A^2)- (See Subsection 13. 1 . 21 for p.) We take a subset J C £ such that 
\J\ = n — dimSupp(7Wi © M2) and {Mi ® M2){'*D{J'^)) ^ 0. Let g be a holomorphic function such that 
g^^{0) = D{J'^). We have the induced good if-structures of Eg[Mi{*D{J'^))) and Mi{*g) for i = 1,2 and 
★ = *,!. By the assumption, the morphism A^i|x-_d(j<=) — >■ ■M2\x-d(J'') is compatible with the iiT-structures. 
Hence, Mi(*g) — > M2i*g) and Sg(A^i(*5)) — ^ "3(-^2(*5)) are morphisms in }io\^°°'^ {X , D , K) . Moreover, 
we obtain the following diagram of the pre-if-holonomic 2?-modules: 

Miilg) > Eg{Mi{*g))®Mi > Mi{*g) 



M2{\g) > Eg{M2{*g)) ® M2 > M2{*g) 

Hence, the induced morphism 0g(A^i) — > 0g(A^2) is also compatible with the pre-if-Betti structures. By 
using the hypothesis of the induction, we obtain that (/>g(A^i) — > (j)g(M2) is a morphism in Hol^°°'^(X, D, K). 
Therefore, we obtain that Mi — > AI2 is also a morphism in }lo\^°°'^ {X , D , K) . I 

Lemma 16.111 means that a good if-structure can be recovered from the associated pre-if-Betti structure. 
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Definition 6.12 A pre-K-Betti structure T of M is called good, if it is the pre-K -Betti structures associated 
to a good K -structure of M. I 



Let {wi, . . . , Wn) be another holomorphic coordinate such that Wj ^(0) = ^(0). 

Lemma 6.13 If has a good K-structure with respect to the coordinate (zi, . . . ,2;„), it has an induced good 
K-structure with respect to (wi, . . . ,Wn) such that the associated pre-K-Betti structures are the same. In this 
sense, Definition 16.121 is independent of the choice of a coordinate. 

Proof We use symbols (pzj and to distmguish the dependence on the coordmates. As remarked m 

Subsection 12.2.71 we have the natural isomorphisms (ITTT) . They induce isomorphisms (pzji-M) ~ (f>w.i{-M) and 
tpi4'z,i{M) — 4'i4>z,i{M.)- Hence, we obtain good i^-structure of M. with respect to {wi, . . . ,w„). Let Qi{M) 
and Qw{^A) denote the i-cuhe associated to Ai with respect to the coordinates (zi, . . . , z„) and {wi, . . . , Wn), 
respectively, ft is easy to observe that isomorphisms (ITT]) induce ne^,Qz{M) ~ 7r£*QTO(A^) compatible with 
pre- if -Betti structures, and they induce the identity on Ai. Hence, the associated pre-iiT-Betti structures on 
Ai are the same. I 

In particular, the notion makes sense in a global situation. 

Definition 6.14 Let Y be a complex manifold with a normal crossing hypersurface Dy . Let M be a good 
holonomic T>-module on {Y,Dy). A pre-K-Betti structure F of Ai is called good, if it is the pre-K-Betti 
structure associated to a good K-structure on any coordinate neighbourhood. I 



6.3 Preliminary for functoriality via push-forward 

6.3.1 Statement 

We put X := A" and D :— lJi=i{-^i — Let G : Y — > X be a proper morphism of complex manifolds. 
Let Dy be a simply normal crossing hypersurface of Y with a decomposition Dy — Dyi U Dy2 such that 
Dyo := G-^D) C Dy2. 

Let y be a good meromorphic flat bundle on {Y,Dy) with a good /C-structure. Put Ai :~ V{IDyi). Let 
J^M be the canonical pre-if-Betti structure. Assume the following: 

• G|A^ = for any i ^ 0, and G'^Ai is a good meromorphic flat bundle on {X, D). 

We put Q := RG^,{Fm)\x-Di which gives a pre-if-Betti structure of G^{Ai)\x-D- The following proposition 
will be used in the proof of Theorem l8.ll (See Subsection [8ATJ) 

Proposition 6.15 Q is good, i.e., it is compatible with the Stokes filtrations. Moreover, RG^J-m is the canon- 
ical K-Betti structure ofG'^{A4). 

Corollary 6.16 Under the assumption, the induced pre-K -Betti structure of RG^MJ-m the canonical K-Betti 
structure of G^DA^ ~ DG^ . I 

6.3.2 A characterization of compatibility with Stokes filtrations 

Let (7 be a holomorphic function on X such that .g"^(0) = D. Let ig : X — > X x C be the graph, and be 
the image. We put X := Fg x jj^^xc (A" x C). The induced map X{D) — > X is denoted by p. 

Let Vi be an unramifiedly good meromorphic flat bundle on (A, D) . Its good set of irregular values is denoted 
by Irr(Vi). For each a G Irr(Vi), put L{~a) = Ox{*D) e with the meromorphic flat connection Ve = ed{—a). 
We fix a AT-structure of L{—a) by the trivialization exp(a) e. We put Vi{—a) :— V\ ® L{—a). We regard 
DR^'^g(zg|Vi(— a)) as a constructible sheaf on A. The following lemma may clarify the idea. 

Lemma 6.17 Assume that y\\x-D ^o,^ o, K-structure with the following property: 

• For each a G Irr(V^i), DR'f^^{ig^Vi{-a)) has a K-structure whose restriction to X ^ D is equal to the 
one induced by the K-structure ofVi and L{~a). 
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Then, the K -structure ofVi\x-D is good. Moreover, the K-structure o/DR^'^~(jg| l^i) is equivalent to RpifLjP . 

Proof As for the first claim, the general case can be reduced to the case that D is smooth, which is easy to 
see. The second claim follows from Lemma [5.201 I 

6.3.3 Proof of Proposition WJ^ 

We put gy := G^^{g). Let ig^ : Y — > Y x C denote the graph of gy- Let G : Y x C — > X x C be the induced 
map. We put Xq := X x {0} and Yo:=Y x {0}. 
We have naturally the defined morphisms: 

Y{Dy) Y{Dyo) YxC 

We have a cohomologically constructible complex DR^^^^^'^''^^^ (A^) on Y{Dy), which is equipped with the 

induced i^T-structure. By Theorem 14.91 and the argument in the proof of Proposition I3.15[ we have natural 
quasi-isomorphisms 

By Proposition EHH we have an isomorphism KigY* DR~|^^^^^ (A^) ~ DR^'l^g(ig.j,|A^). Hence, the X-structure 
of DR|^^^\<^^^(A^) induces a X-structure of DR"" ^{ig^^M). 

We also have a cohomologically constructible complex DR^|^^^'^'^^^ (DA^) on Y{Dy), which is the dual of 
DR^I^^^*^^^^ (DAI). As in the previous case, we have a quasi-isomorphism 

R{TgY o DR|J'-<^-(PX) ^ TiRf^^iig^^BM). 

Hence, DRf^°~{igY]OM) is also equipped with an induced if-structure, and it is the dual of DR"'' ^{ig^iM). 
As remarked in Subsection 15.4.31 we have the following natural morphisms: 

DR;^'^g(z3tG?A^) ^ i?G. TiRf^^iig^^M), DR<f-(z,tG?BAl) RG. DR<^'l,(z,,t©-^) 

By considering the dual of the latter morphism, we obtain 

^2 : RG., BKf^^^iig^^M) ^ DR^'^g(*,tG?X) 

By the rigidity fTheorem l5.16|) . we obtain that Lp2 o ipi is the identity. Therefore, we obtain a decomposition in 
the derived category of cohomologically constructible complexes on X x C: 

i?G, T:>Rf^^{igY^M) ~ Y:>Rf^^{ig^G''^M)®C (80) 

Lemma 6.18 The K-structure Q is good. In particular, the first claim of Provosition 1^.151 holds. 

Proof We may assume that D is smooth. Let us consider the case that G| A^ is unramifiedly good on {X, D). 

Then, we have DR^'^g(ig|G^A^) is quasi-isomorphic to its - dim X-cohomology DR^'^g(ig|G'j'A^). 
Moreover, it is naturally isomorphic to the image of 

^-dimx^g^ DRf^£(z<,,t-^) t,t-iH-^™^i?G, DRf^^iig^^M), (81) 

where l : X x C* — > A" x C be the natural inclusion. Hence, "H^ "^'"^^ DR"'^g(ig|G°A^) is equipped with a 
iC-structure whose restriction to A — D is equal to G- 

Let a be an irregular value of G°A1. We have the induced meromorphic fiat bundle A4{—a) :— Ai(E)G* L{—a), 
which is naturally isomorphic to (V ^ G* L{—a)){\Dyi). By applying the above argument, we obtain that 
y^-dimX DR^'^g(jg|G'j'A^ (g) L(— a)) is equipped with a if-structure whose restriction to X — D comes from G 
and the AT-structure of L{—a). Hence, as in the proof of Lemma [6.171 we obtain that Q is good. 



51 



Let us consider the case that G'^M is not necessarily unramified. Let k : X' — > X be a ramified covering such 
that K~^G^M is unramified with the good set of irregular values I. We put D' := n^^{D). We take a projective 
birational map ^i:Y' — >Y XxX' such that (i) Y' is smooth, (ii) Y' - ^-^(Y Xx D') ~Y - {Y Xx D'), (in) 
D'y := ij,^^{Dy Xx X') is simply normal crossing. Let /ii : Y' — > Y be the induced map. Let G" : Y' — > X' 
be the induced morphism. We have the decomposition Dy = D'yi U D'y2 such that D'y2 := ^i^{Dy2)- Let 
M' := ^iI{V){\D'y2)- Applying the previous argument to G\^{M') ~ n*G^^{M), we obtain the claim in the 
ramified case. Thus, we obtain Lemma 16.181 I 

Because Q is good, DR"'^^(ig-fG'j'A^) is equipped with the iiT-structure /C. Then, we can take morphisms 
compatible with A'-structures 

^'i : DR;^'^g(zgtG°X) RG. DRf^^{tg,^M), : RG. BRf^^{i,,^M) DR^i^g(j,tG?X) 

such that f'^x-D ^ V'i- Hence, C also has a AT-structure, and we replace (1801) with a decomposition compatible 
with A'-structures. Then, we have Rttx*IC = RG^,F. By using Lemma [5.20[ we obtain the second claim of 
Proposition 16. 151 I 



7 X-holonomic I^-modules 

7.1 Preliminary 

7.1.1 Cell and cell function 

Let X be a complex manifold or a smooth complex algebraic variety. In the complex analytic case, we use 
ordinary topology. In the algebraic case, we consider Zariski topology. In the algebraic setting, I?-modules are 
assumed to be algebraic. An open subset U is called principal, if it is the complement of a hypersurface. Let P 
be a point of X . For any closed subvariety W of X, let dimp W denote the dimension of W at P. Let be a 
holonomic 2?-module on X with dimp Supp <n. li X is algebraic, we assume that is also algebraic. An 
n-dimensional cell of at P is a tuple (Z, [/, (/?, V) as follows: 

(Cell 1) : Z — > X is a morphism of complex manifolds or smooth complex algebraic varieties, such that 
P e ^p{Z) and dimZ — n. We assume that there exists a neighbourhood of Xp of P in X such that 
ip : ip^^{Xp) — > Xp is projective. We permit that Z may be non-connected or empty. 

(Cell 2) U d Z is the complement of a simply normal crossing hypersurface Dz- The restriction ip^u is an 
immersion. Moreover, there exists a hypersurface H of Xp such that ip~^{H) = Dz H (p~^{Xp). 

(Cell 3) y is a meromorphic flat bundle on {Z,Dz)- We have a morphism tp'j{V\)p — > Mp — > tfjj{V)p 
such that Mp{*H) ~ ip^{V)p and Mp{lH) ~ if-^{V\)p for a hypersurface H in (Cell 2), where we put 
V} := V{\Dz) and subscript "P" means the restriction to Xp. The restriction of V to some connected 
components may be 0. 

If V is good on {Z, Dz), C is called good. For a given holonomic Px-module A4 and P e Supp A^, there always 
exists a cell for A4 at P. If dimp A^ = 1, any cell is good. If dimp A^ = 2, there always exists a good cell for 
Al at P, due to Kedlaya [[20]. (See also [32] for the algebraic case.) In the algebraic case, there always exists a 
good ceU for A^ at P ([32] and [33]) • 

Remark 7.1 Let (Z, U, tp) be a tuple satisfying (Cell 1) and (Cell 2). If we are given a meromorphic fiat bundle 
V on (Z, Dz), the tuple {Z, U, (p, V) is called a cell at P. I 

Let g be a holomorphic or algebraic function on Xp. It is called a cell function for C, iiU = Supp A^p\g^^(0). 
For such g, we obtain a description of A4p as the cohomology of the complex in the category of analytic or 
algebraic holonomic I? -modules: 

MMv)p) ^g{Mv)p) © MMp) Mv^iv)p) 

For a given cell, a cell function always exists after Xp and Z arc shrinked. 
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Remark 7.2 Let C be a cell of M at P . If we have a neighbourhood Xp of P satisfying (Cell 1-3), any 
neighbourhood X'p C Xp also satisfies (Cell 1-3). Hence, we do not have to be careful with a choice of Xp. I 

7.1.2 Refinement and enhancement 

Let C = (Z', ip', [/', V) and C = {Z, ip, U, V) be n-cells of M at P. We say that C is a refinement of C, and 
denote C -< C, if the following holds: 

• if' factors through ip in the sense that there exists ipi : Z' — > Z such that (i) ip' — Lpoipi^ (ii) ipiiU') C U . 
, V' = lpIV ®Oz'{*Dz'), where Dz' := Z' - U' . 

In that situation, there exist naturally induced morphisms: 

ip\{V:)p — ^ (pt(^)p -^Mp~^ 'p^{V)p — > f\{V')p (82) 

We say that C is a dominant refinement of C, if U' is dense in U . 

Let C = (Z, J7, </5, V) be an n-cell of M at P. We take an n-dimensional closed subvariety Z' <Z X such 
that d\m{Lp{Z) n Z') < n. We take a refinement of C such that U Z' — %. Let Zi be a complex manifold 
with a projective birational morphism ipi : Zi — > Z' and a smooth open subset Ui C Zi such that (i) V'lic/i 
is an immersion, (ii) Zi — Ui is normal crossing and the pull back of a hypersurface in X around P. We set 
Z := Z Li Zi and U := U U Ui. We have the induced map ip : Z — > X. Let y be a meromorphic flat bundle 
on Z such that Vq\z — V and Vo\Zi — 0. Then, it is easy to observe that C :— {Z, U, (p, V) is an n-cell of M, 
which is called an enhancement of C. 

In the following, for a cell C — {Z, U, (p, V), we implicitly assume ip~^{Xp) = Z hy taking a refinement of C. 
So we omit the subscript "P" in ipif{V\)p and (pif{V)p. 

7.1.3 A'-cell and the induced pre-/f-Betti structure on the nearby cycle 

Let be a pre-X-Betti structure of A4. Let C = {Z, U, (p, V) be a good n-cell of A4 at P. We say that and 
C are compatible, if the following holds: 

• The induced X-structure of V\ij is good, i.e., compatible with the Stokes filtrations along Dz- 

• The induced morphisms (p^iVi) — > Aip — > '/'t(^) compatible with the pre-X-Betti structures. (See 
Subsection 16.1.11 for the canonical pre-if-Betti structures of V\ and V .) 

Such a cell C is called a good if-cell of ( , J-") . It is not difficult to construct an example of a pre-JC-holonomic 
I?-module, for which there does not exist a good A'-cell at some point. 

Lemma 7.3 Let C = (Z, U, ip, V) be a good K-cell of {M,F) at P. Let C = {Z' , U' , p' , V) be a refinement of 
C. Then, C is also a good K-cell. Moreover, the induced morphisms in (|82p are compatible with pre-K-Betti 
structures. 

Proof It follows from Proposition [6?7l I 

Let g be a cell function for a good K-ceW C. Let us observe that pre-X-Betti structures of Sg((/3j(y)), 
ipg{ip^{V)) and (j)g{Mp) are induced. We set VgJ^ :— n^-i(g)^,^ for ★ = *,!. Note that (^■f(Vg°''') have the 

canonical pre-i4'-Betti structures. Since Sg(95|T^) and "09 (^^t^) are of the form Ker^(y9| (V^^f''') — > iy9|(V^t'^ )^, 

they are equipped with induced pre-iiT-Betti structures, denoted by ^3(93*7^1/) and ^ipg{(p^,J^v)- We will use 
the following obvious lemma implicitly. 

Lemma 7.4 The natural isomorphisms Sg(93|(V^)) ~ (y9| (Sg(T^)) and ipgi^ip-ifV) ~ ip^ipg{V) are compatible with 
the induced pre-K-Betti structures. I 

Since (j)g{Mp) is the cohomology of the complex (p-^Vi — > Eg{p-^V) ® M — > ^p^V, we obtain a pie-K- 
Betti structure of (pg{Mp), denoted by ^(l>g{J^). The tuples (Sg((p|F), Sg(93* J^y)) , (?/;g(v3f V^), '(/'g(<<5*.Fy)) and 
[(l)g{M),^(t)g{J^)) are also denoted by Egip^ {V, J^v) , i^g'^'fiV, J^v) and 4>g{M,T). 
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7.2 X-holonomic "D- modules 



7.2.1 Definition of ii'-Betti structure 

Let X be a complex manifold, and P be a point of X. Let (A^, J^) be a pre--fr-holonomic 7?-module on X. Let 
us define the notion of X-Betti structure of M. at P, inductively on the dimension of Supp M . 

Definition 7.5 In the case dimp Supp = 0, a K-Betti structure is defined to be a pre-K-Betti structure. 

Let us consider the case dimp Supp < n. We say that T is a K-Betti structure of M. at P, if there exists 
an n- dimensional good K-cell Co = {Zq, (po, Uq, Vq) at P with the following property: 

• dimp ^ (Supp n Xp) \ i^ol-^o)) < n for some neighbourhood Xp ofPinX. 

• For any dominant refinement C ^ Cq and any cell function g for C, the induced pre-K-Betti structure 
^(j)g{T) is a K-Betti structure of (j)g{M.p) at P. Note that dimp (j}g{T) < n. 

Such an n-cell Co is called a bounding n-cell of M. at P. I 

If Co is a bounding n-cell of M., its dominant refinement and enhancement are also bounding n-cells of M.. 

Definition 7.6 If T is a K-Betti structure of M. at any point of X, it is called a K-Betti structure of M.. A 
holonomic V-module with a K-Betti structure is called a K-holonomic V-module. I 

A morphism of /C-holonomic 'D-modules (A^i,J^i) — > {M.2,J^2) is defined to be a morphism of pre-ii'- 
holonomic P-modules. 

Proposition 7.7 The category of K -holonomic D-modules is abelian. 

Proof Let P be any point of X. We use an induction on the dimension of SupppA^. Let {fv,fv) '■ 
(Ail, J^i) — > {M2,J^2) be a morphism of if-holonomic P-modules. Let us show that Ker(/p) is a JsT-Betti 
structure of Ker /d. 

Let n > maxjdimSuppp A^i}. Let Ci^ = {Zi,o,Uifi, fi,o,Vi,o) {i = 1,2) be bounding n-cells for A4i at P. 
By considering refinement and enhancement, we may assume that (^i,o, C^i.o, fifl) = (-^2,0, f^2,o, ^2,0), which is 
denoted by {Zq, Uq, (fo). We may also assume that the union of the irregular values of Vifl axe good at each point 
of the pole. We have an induced morphism fzo '■ Vi,o — > l^,o- We obtain a cell Co(Ker) = (Zq, Uq,ipq, Ker fzo) 
of Ker fxi ■ 

Let C(Ker) = {Z, U, <p, Kz) be a dominant refinement of Co(Ker). We have refinements Ci = {Z, U, (p, Vi) of 
Ci,o with the induced morphism fz : Vi — > V2. We have Kev fz — Kz- We obtain the following commutative 
diagram of pre-JC-holonomic P-modules: 

(fi^Vu > Mip > (f^Vi 



iP]V2\ > M2P > ^]V2 

Hence, the induced morphisms if^Kz\ — > Kcr{ fv)p — > (fi*Kz arc compatible with the pre-ZC-Betti structures. 
We have the following commutative diagram of pre-if-holonomic I?-modules: 

v^iV2:g\) — > <^t(K.t) 

Hence, the induced morphisms Sg(y>tVi) — > Eg(^(f^V2) and tjjg[(p^Vi) — > Vg('Pt^2) preserve the pre-iiT-Betti 
structures. Therefore, 4>g{fv) preserves the pre-i^-Betti structures, i.e., ^(t>g{f-p) : ^(t>g{Fi) — > ^<t>g{^2) is 
induced. By the assumption of the induction, Kev^(j)g{f-p) is a iC-Betti structure. It is easy to obtain that 
^(pgKev f-p = Kev^(f)g{f-p). Then, we can conclude that (Ker /d, Ker /p) is a /T- holonomic P-module. The 
claims for the cokernel and the image can be shown similarly. I 
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7.2.2 Dual 



Lemma 7.8 For any K-holonomic V-module {M^T), its dual D(7M, J^) := (DA^,1D)J^) is also K-holonomic. 

Proof Let P be any point of SuppA^, and let Co be a bounding n-cell at P. Let C = {Z,U,if,V) be any 
refinement of Cg. Let a-nd Fv\ be the canonical pre-if-Betti structures of V and V\. Let := (Z, U, v?, V^). 
We have the induced -RT-structure of . According to Proposition 15.51 and Theorem 15.61 BJ^yi and HFy are 
the canonical pre--fC-Betti structures of and K^. Hence, we obtain that and OF are compatible. We 
also obtain that ]D)^g((9*J^y is equal to the canonical pre-if-Betti structure of 'E.gipi,V^ . Moreover, the induced 
isT-structure of (figipM p) is equal to ^^(pgF under the isomorphism (jigUM. p ~ ]D>(/)gA^ p. By the hypothesis of 
the induction, it is i^-Betti structure. Thus, we obtain that ID)(7W, J^) is if-holonomic. I 

7.2.3 Sub-quotient 

Let {M.i,Fi) C be a pre-if-holonomic P-submodulc. 

Lemma 7.9 If{Ai,F) is K-holonomic, (Mi,Fi) is also K-holonomic. Similar claim holds for quotient. 

Proof Let P be any point of X. We use an induction on the dimension of the support of Ai. Let n > 
dimp Supp A^. Let C — {Z, U, (p, V) be a bounding n-cell of M at P. Let Vi C V denote the subbundle induced 
by Ail. Then, Ci — {Z,U,(p,Vi) is an n-cell of Mi at P. Let us show that Ci and Ti are compatible. Since 
the iV'-structure and the Stokes structure for Vi arc the restriction of those for V, they are compatible. Let J^* 
and denote the canonical if-structures of ipi^V and ipijV\. Let J^i^ and J^n denote the canonical _?C-structures 
of fifVi and (pfVi\. We have the following morphisms: 

ip^iVi) > M > ip^{V) T\ > T > -F* 

I I I I I I 

<Pt(^l!) ^ -^1 ^ '/'t(^l) -^1! ^\ ^1* 

Because the morphism (pi^{Vi\) — > M./Mi is 0, the morphism Fi\ — > T jTi is also 0, i.e., Ti\ — > F factors 
through J^i. Similarly, we obtain that Fi — > J-"* factors through J^i*. 

Let / be a cell function for C. We have ^f{F) D ^f{Fi) and ^ipf{F) D ^ipfFi. Hence, we obtain 
^(pf{T) D ^(j)f{Ti), which are pre-JC-Betti structures of <j)fM and (j>fAii. By the assumption of the induction, 
we obtain that ^(j) f i^i ) is a ii'-Betti structure of (j) jM i . I 



7.2.4 Tv^fist 

Let {M.,F) be a iC-holonomic I?-module on X. Let V be a flat bundle on X with a if-structure, i.e., we have a 
if-local system F\> such that ® C ~ T)Yix{y)- Then, we obtain a pre-if-Betti structure F ® oi M.®V. 

Lemma 7.10 F ® F\! is a K-Betti structure of Ai (8) V. 

Proof Let P be any point of X. We use an induction on dimpSuppA^. Let C = {Z,U, (p,V) be a K- 
cell of M at P. Then, C = {Z,U,ip,V (g) ip*V) is a K-cel\ of M (g)V aX P. Let 5 be a ceU function of 
C. Then, we have natural isomorphism of pre-if-holonomic Px-modules tpg[ip^{V (g) 'P*V)) ~ tpg(^if^{V)) ($1 V 
and Eg(^if^{V (g) <f*V)) — Sg(<y9*(V")) V. Hence, we obtain an isomorphism of pre-if-holonomic P-modules 
4>g{A4^V) ~ (j)g{A4)^V. By using the hypothesis of the induction, we obtain that <j)g{M^V) is if-holonomic. 
Hence, we obtain that A4 (E)V is /C-holonomic at P. I 

7.2.5 Complement 

Let {A4,F) be a iC-holonomic 2?- module. 

Lemma 7.11 Any good cell C = {Z, U, (p, V) of M is compatible with F , and the morphisms fi^Vi — > Ai — > 
tfijV are compatible with the K-Betti structures. 



55 



Proof The first claim is easy to see. If we take an appropriate refinement C = (Z', [/', (p', V) of C, tire induced 
morplrisms M — > f'^,V' and ^p^jV — > compatible with ii'-Betti structures. Because ^p'^V — >■ 'p\V' is 

a monomorphism, we obtain that — > ip^V is also compatible with _R'-Betti structures. We can show that 
ip\V — > Ai is also compatible with iiT-Betti structures with a similar argument. I 

7.3 K(*D)-holonomic I'(*D)-modules 

We introduce some auxiliary notion of if (*Z?)-Betti structure on I?x(*_D)-iiiodules, where _D is a hypersurface. 
Although we do not need it eventually, it will be useful in the argument in Section [51 

7.3.1 Cell and cell function for holonomic I?x(*£))-modules 

Let X be a complex manifold or smooth complex algebraic variety, and let D he a. hypersurface of X. Let M be 
a holonomic I?x(*D)-iiiodule, i.e., is a holonomic Pjf-module such that A4{*D) — A4. Let P E D DSupp A4. 
A cell of a holonomic I?x(*£))-iTiodule A4 is defined to be a cell of a holonomic I?x-niodule M. The notions of 
refinement and enhancement of a cell of a holonomic (^.^i^-module are defined as those for cells of a holonomic 
I? -modules. However, we will be interested in the morphisms ip-^{Vi){*D) — > Mp — > ip-\V. 

We make a modification for the notion of cell function. Let C = (Z, U, (p, V) be a cell of a holonomic T>x(*d)- 
module Ai. A cell function g of C is a mcromorphic fmiction on {X, D) such that U = Supp \ ((7~^(0) U D). 

7.3.2 is:(*i:>)-cell 

Let be a pre-if(*£')-Betti structure of Ai. Let C = {Z, U, p, V) be a good n-cell of A4 at P. We say that 
7^ and C are compatible if (i) the induced if-structure of V^jj is compatible with the Stokes filtrations, (ii) the 
induced morphisms ip-!j{V\){*D) — > Aip — > p^iV) are compatible with the prc-/f-Betti structures. Such a 
cell C is called a K{*D)-cel\ of (X, J"). 

Let 5 be a cell function for a good K{*D)-ce\l C. We set Vg°^;''{*D) := {V (E) Tj^^^g^){*Lp-'^ D) for * = 

Note that (^|(Vg°'^(*I?)) have the canonical pre-if-Betti structures. Since Sg ((^| V", and tj-)g{ipj^V^*D) are 

of the form Ker^(/3j (1^°''' (*£))) — !• (y9|(Vgt''' (*-D))^, they are equipped with the induced pre-ii'(*Z?)-Betti 

structures, denoted by ^g{ip^J^Y,*D) and ^'ipg{(p^J^v,*D). The tuples (Eg{ip-^V,*D),^g{(f^J^v,*D)) and 
[tpg{ip-^V,*D),^tpg{ip^,J^Y,*D)') are also denoted by Eg(f-^{V, J^y ,*D) and tpgV-tiVT^VT*^). We will use the 
following obvious lemma implicitly. 

Lemma 7.12 The natural isomorphisms 

Eg{ip^V,*D) c^ip^EgiV,*p-'D), 4,g{ip^V,^D)^p^4,g{V,*ip-'D) 

are compatible with the induced pre-K-Betti structures. I 

Since (pg{A4p,*D) is the cohomology of the complex of pre-if(*£')-holonomic I?x(*D)-niodules 

p^m){*D) Eg{p^V,*D)®Mp Pi{V){*D), 

we obtain a pre-iir(*Z))-Betti structure of (j)g{A4p,*D), denoted by ^(f)g{F ,-^D). The pre-ii'(*Z?)-holonomic 
2'x(*_D)- module (^(f>g{Mp,*D),^(f)g{J^,*D)) is also denoted by (j)g{M.p,J-,*D). 

7.3.3 Definition of ii'(*£')-Betti structure 

Let P be a point of D. Let be a pre-_ft'(*_D)-holonomic 2?x(*i5)- module. Let us define the notion of 

i4'(*Z?)-Betti structure of at P, inductively on the dimension of SuppA^. Note that we have A^ = around 
P in the case dimp Supp A^ = 0. 

Definition 7.13 Let us consider the case dimp Supp A^ < n. We say that T is a K{*D)-Betti structure of M 
at P, if there exists an n-dimensional good K{*D)-cell Co = {Zq, pq, [/q, Vq) at P with the following property: 
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• dinip^(Supp H Xp) \ Lpo{Zo)j < n for some neighbourhood Xp of P in X. 

• For any dominant refinement C ^ Cq and any cell function g for C as a T) x(*D)-i^odule, the induced 
pre- K{*D)-Betti structure °(i)g{F,*D) is a K{*D)-Betti structure at P. 

Such an n-cell Cq is called a bounding n-cell of A4 at P. I 

If Cq is a bounding n-cell of A4 , its dominant refinement and enhancement are also bounding n-cells of A4 . 

Definition 7.14 If J- is K-Betti structure of M at any point of X — D, and K{*D)-Betti structure of M at 
any point of D, it is called a K{*D)-Betti structure of Ai. A holonomic 'Dx(*D)- 'module with a K[*D)-Betti 
structure is called a K{*D) -holonomic 'Dx{*d) -module. I 

A morphism of i^(*Z))-liolonomic I?x(*£))-niodules (A^i, J^i) — > {Ai2,J'2) is defined to be a morphism of 
pre-isr(*Z?)-holonomic I?;!^ (*p))-modules. Let Hol(X(*_D), if) denote the category of A' (*_D) -holonomic T>x[*d}- 
modules. The following lemma is similar to Proposition [7T71 

Lemma 7.15 The category llo\(^X{*D), is abelian. I 
The following lemma is similar to Lemma 17.91 

Lemma 7.16 Let {Aii,J-i) C {Ai,J-) be pre-K{*D)-holonomic 'Dx(*D)-submodules. If {A4,J-) is K{*D)- 
holonomic, then (A^i,J^i) is also K{*D)- holonomic. Similar claim holds for quotient. I 

7.3.4 Uniqueness 

We have the following uniqueness. 

Proposition 7.17 Let A4 be a holonomic T>x(*D)-''nodule. Let Ti (i — 1,2) be K{*D)-Betti structures of Ai. 
If J-i\x-D = ^2\x-D! then we have T\ = T2. 

Proof The claim is local. Let P £ D. We use an induction on dimp Supp A^. In the case dimp Supp — 0, 
the claim is clear. Let dimp Supp A^ < n. Let C be any bounding cell at P, and let g be any cell function of C. 
Let ^(j)g{^i: *D) be the induced pre-ii'(*I?)-Betti structures of 0g(Al, *D). By the assumption of the induction, 
we have ^(j)g{Ti,*D) = ^0g(J^2, Because J"i can be reconstructed from ^(j)g{J^i,*D) and the canonical 

pre-i4'(*-D)-Betti structures of '4'g{(p^V, *D) and Eg{(p^V, *D), we obtain J"i = J^2- I 

7.3.5 Independence of compactification 

Let F : X' — !• X be a proper birational morphism of complex manifolds such that X' — D' c:^ X — D, where 
D' -.^F-^D). 

Proposition 7.18 Let Ai' be a holonomic T>x'(*D')-''nodule, and we set Ai := F^Ad' . 

• Let T' be a K[*D')-Betti structure of Ai' . Then, F^F' is a K{*D)-Betti structure of Ai. 

• Let T be a K{*D)-Betti structure of Ad. Then, A4'{*D') is equipped with a K-Betti structure T' such 
that J^^x'-D' ^ J'lX-D under the isomorphism A4'^x'-d' — ■^\x-D- It is functorial. 

Proof We have only to check the claims locally around D. Let P be any point of D. We use an induction on 
dimp Supp A^. Let C — [Z, U, ip, V) be a good cell of Ai at P. By taking a refinement, we may assume that ip 
factors through F, i.e., (p — F o ip' , and that C = {Z, U, tp' , V) is a good cell of Ai' . Let g be a cell function 
for C as I?x(*_D)-niodule. Note that g' = g o F is a. cell function for C . We have a description of Ai' as the 
cohomology of the following complex: 

^g,{v'^V,*D') ^Eg,{^'^V,*D')®^g,{A4',*D') ^i^g,{^'^V,*D') (83) 
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By the push- forward Fif , it induces a description of M as the cohomology of the fohowing complex: 

^gi^^V, *D) Egi'f^V, *D) ® c^g{M,*D) i^giv^V, *D) (84) 

Let us show the first claim. By the assumption of the induction, the induced pre--ft'(*£))-Betti structure of 
(j)g{Ai, *D) is a _ft'(*Z?)-Betti structure. Hence, is also a _fi'(*Z?)-Betti structure. Let us show the second claim. 
By the hypothesis of the induction, the i<r(*_D)-Betti structure of V'g(v5t(V^), and (j)g{M,*D) induce the 
i4r(*I?)-Betti structures oiipg' (^(p'^{V), *_D') and (pg' {M' , *D'), which are compatible with the natural morphisms. 
We also have the canonical K-Betti structures of V'g' {f^ {V), and Eg> {(fi'-^V, *£)') . By Proposition [7TTZ1 the 
induced isr(*D)-Betti structures on tjjg/ (^(F), *£)') are the same. Hence, ([55]) is a complex of X(*_D)-holonomic 
I?(*D)-modules. Hence, we have an induced i4r(*I?)-Betti structure of A4' . The functoriality is clear from the 
above construction. I 

Corollary 7.19 The functor F-^ gives the equivalence of the categories }iol(^X{^ D),K) and llo\(^X'{^D'), K) . 

I 

8 Some functoriality 

8.1 Statements 

In the following, I?-modules are assumed to be algebraic unless otherwise indicated. We give several statements. 

Theorem 8.1 Let F : X — >■ Y be a projective morphism of smooth algebraic varieties. Let {Ai,J-) be a 
K-holonomic Dx -module. Then, F^[M^T) := {^F^M.,F^iF^ are K-holonomic for any i. 

Here, F^F is the i-th cohomology of RF^,F with respect to the middle perversity. 

Theorem 8.2 Let X be a smooth complex algebraic variety with a normal crossing hypersurface D . Let Ai be 
a good holonomic D-module on {X, D) with a good K -structure. The associated pre-K-Betti structure J- is a 
K-Betti structure of M. 

Theorem 8.3 Let X be a smooth complex algebraic variety with a hypersurface D, and let {M.,F) be a K- 
holonomic "D-module on X . 

• There exists a unique K{*D)-Betti structure J-{*D) of M{*D) such that the natural morphism Ai — 5- 
A^(*_D) is compatible with the pre-K-Betti structures. 

• For a morphism of K-holonomic T> -modules [Mi^Ti] — > {M2,^2), the morphism Mi{*D) — > M2{*F)) 
is compatible with the induced pre-K-Betti structures. 

We will use an induction on the dimension of the support of A4 for the proof. Let SL{< n), GOOD{< n) 
and LOC{<n) denote the statements of Theorems 18. H \8l^ and [8731 in the case dimSuppA^ < n, respectively. 
Our induction will proceed as follows: 

• SIi< n) + GOOD{< n) =^ GOOD{< n) (Subsection [STSl) . 

• SI{< n) + GOOD{< n) + LOC{< n) LOC{< n) (Subsection ESSl). 

• SI{< n) + GOOD{< n) + LOC{< n) =^ SL{< n) (Subsection [HI). 

Remark 8.4 In the proof we will observe the equivalence of K{*D)-Betti structure and K-Betti structure. 
( See Lemma 18.81 ) I 



Remark 8.5 The arguments in Subsections \8.2\ and \8.3\ can work even in the analytic situation. Although most 
of Subsection 18.41 can also work even in the analytic situation, we need the existence of resolution of turning 
points for any meromorphic flat bundle. But, see the recent work due to Kedlaya [21j . I 
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8.2 Step 1 

8.2.1 K-Cell 

Let if : Z — > X be a projective morphism of smooth complex algebraic varieties such that dim Z — n. Let D 
be a normal crossing hypersurface of Z such that (p\z~D is immersive. Let (V, V) be a good meromorphic flat 
bundle on {Z, D) with i^-structure compatible with the Stokes filtrations. Let J-"* be the associated if-structure 
of DR(t/). Let F\ be the associated X-structure of DR(V^). 

Proposition 8.6 Assume that SI{< n) and GOOD{< n). Then, Lp^^^Ty is a K-Betti structure of ^p^V , and 
LP'^Fv\ is a K-Betti structure of ip^V\. 

Proof Note that Co = {Z, U, (p, V) is an n-cell of (fi-^V, where U = Z — D. Let us show that it is a bounding n- 
cell. Let C = {Z' , U' , cp' , V) be a dominant refinement. Let g be a cell function for C . We have a factorization 
ip' = ip o (pij where (pi : Z' — > Z. We put g' := g o ip. We have V' — (Pi^V C'z'(*5')- We have the 
canonical pre-iiT-Betti structures J-y and J^v". of V and V/ , respectively. According to Theorem 15.121 the 
morphisms (pi^V/ — > Lp^V — > are compatible with pre-if-Betti structures. We have the induced pie-K- 

Betti structures ^g{lp,^J^v)^ ^'4'g{'-P*^v) and ^(f)g{ip^,Fv) of Sg(<p|F), %pg{'p)'^V) and 4'g{ip'^V), respectively. We 
also obtain pre-if-Betti structures ^g'(J"y'), '^V-'g' (-^v ) and ^(j)g>{J^v') of ipg'lV) and (j)g'{V') on Z' . 

Note that [(j)g'{V'),^(l)g'{J^v')) is good on {Z',D'). (See Subsection 16.2. 3p . Hence, it should be if-holonomic 
according to the assumption GOOD{< n). Then, (p^{^(l)gt{V'), ^(j)g' {J^v)) is i<r-holonomic by the assumption 

SI{< n). Because (^(t>g{ip^V), ^(t)g{ip^T)j C (^^ (^g- (F'), ^(j)g'{Tv')) , we obtain that ^4>g{ip^T) is a iC-Betti 

structure of 4)g{Lp^V) by Lemma 17.91 Another claim can be shown similarly, or we can deduce it as dual. I 

Corollary 8.7 Assume that SI{< n) and GOOD{< n). Let f he a cell function of C — {Z,U,ip,V). Then, 
^pf{ipifV) and 'E,f{ipifV) with the canonical pre-K-Betti structures are K-holonomic. 

Proof Applying the previous results to (p^(liy^V^ {-k =!,*), we obtain that they are X-holonomic. Then, we 
obtain the corollary. I 

8.2.2 Gluing 

According to Corollarv l8.71 we obtain the gluing construction of ii'-holonomic I?- module. Let X be a complex 
manifold, C — {Z,U, (p,V) be a K-ce\\ as in Subsection 18.2.11 Let / be a cell function for C on X. Let Q 
be a i^'-holonomic I?- module whose support is contained in /^^(O). Assume that we are given morphisms of 
if-holonomic I?-modules 

^fiip^V) Q^^Pf{ip^V), 

such that the composite is equal to the nilpotent map N on i/jf{(p'fV). Then, we obtain a iC-holonomic I?- module 
as the cohomology of the following complex: 

4'fiip^V) ^fiip^V) ® Q ^ ^Jfi^^V) 

8.2.3 Good holonomic I?-module with good iiT-structure 

Let us show GOOD{<n) by assuming SI{<n) and GOOD{<n). Let X be a smooth complex algebraic variety 
with a simply normal crossing hypersurface D. Let be a good holonomic P-module on {Z, D) with a good 
isT-structure such that dim Supp M = n. Let J" be the associated pre-if-Betti structure. We would like to show 
that is a iiT-Betti structure. Let D — lJi=i be the irreducible decomposition. We may assume that X is 
affine and that each Di is given as (?~^(0) for an algebraic function. Let p{A4) G Z>o x Z>o denote the pair of 
dim Supp M and the irreducible components of Supp Ai with the maximal dimension. We use the lexicographic 
order on Z> o x Z>o. For a good holonomic 2?-module A4 on {X, D), there exists J C £ with n — dim Z— | J| such 
that V := A4 (*g) 7^ comes from a meromorphic flat bundle on Dj, where g := Ilj^j Qj- We have a description 
of M as the cohomology of the complex of pre-if-holonomic 2?-modules V'g(^) — > '^gi^) ® 4>g{-^) — > ipg{V)- 
By CoroUarv 18.71 ^g{V) and 5g(F) are /iT-holonomic. Because p{(j)g{M)) < p{M), we obtain that (j)g{M) is 
if-holonomic. Hence, we obtain that M is also X-holonomic, and we obtain GOOD{<n). 
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8.3 Step 2 

8.3.1 Equivalence of K{*D)-'Betti structure and K-'Betti structure 

Let X be a smooth complex algebraic variety with a hypersurface D. Let be a pre-X-holonomic 

(*D)-niodule with dimSuppA^ < n. 

Lemma 8.8 

• Assume SI{<n) and GOOD[<n). If is a K{*D)-Betti structure, then it is a K-Betti structure. 

• Assume LOC{< n). If J- is a K-Betti structure, then it is a K{*D)-Betti structure. 

Proof Let us show the first claim. We use an induction on the dimension of the support. Let P be any 
point of D n Supp A^. We take a bounding cell C — {Z, U, ip, V) of {M,J-) at P, and a cell function g of C as 
-module. We have a description of A4 as the cohomology of the following complex of i4r(*D)-holonomic 

i^g{vf{V,), *D) ^ Eg{ip^V,*D) ® <j>g{M,*D) ^ i'g{ip^(V),*D) 

By the hypothesis of the induction, <j)g{A4,*D) is A'-holonomic. According to Corollary 18.71 tpg(^(p^{V\),*D'^ 
and Sg(A^, *D) are X-holonomic. Hence, we obtain that M is also if-holonomic. 

Let us show the second claim. By the assumption LOC{< n), we obtain a i4r(*Z3)-holonomic I?x(*D)-niodule 
{M{*D),T{*D)) with a morphism (M^T) — > (^M{*D),J-{*D)'j of pre-X-holonomic 2?-modules. Because 
Ai = M{*D), we obtain T = T(*D), and hence is a iir(*£')-Betti structure. I 

We reformulate the uniqueness fProposition 17. 17"]) as follows. 

Corollary 8.9 Let -k be * or !. Assume SI{< n), GOOD{< n) and LOC{< n). Let A4 be a holonomic T>- 
module on X such that A4{*D) = A4. Let J-i {i ~ 1,2) be K-Betti structures on A4. If J'i\x-d — J'2\x-D' 
then T\ = J-2- 

Proof The claim for ★ = * follows from Lemma (8.81 and Proposition 17.171 We obtain the claim for ★ =! by 
using the dual with Lemma 17.81 I 

Corollary 8.10 Let M be a holonomic Vx-module. Assume that one of the foUowing holds: (i) M{\D) — > M 
is surjective, (ii) A4 — > Ai{*D) is infective. Let Ti {i = 1,2) be K-Betti structures on A4. If J-i\x-d = 
^2\x-D, then Ti= T2- I 

We reformulate the independence of compactification (Proposition 17. 18")) . Let F : X' — > X be a projective 
birational morphism of complex manifolds. Let D he a hypersurface, and we put D' := F^^{D). Assume 
X' - D' ~ X - D. 

Proposition 8.11 Assume SI{< n), GOOD{< n) and LOC{< n). Let A4' be a holonomic T)x'{*D')-fnodule. 
We setM := F^M' . 

• Let T' be a K-Betti structure of Ai' . Then, is a K-Betti structure of Ai. 

• Let J- be a K-Betti structure of Ai. Then, A4' is equipped with a K-Betti structure T' such that -F^x'-D' ^ 
F\x-D under the isomorphism Ai'^x'-O' — -^{x-d- H functorial. I 

8.3.2 ii'(*D)-cell 

Let (f : Z — > X be a morphism of smooth complex algebraic varieties such that dim Z ^ n. Let Dz be a 
normal crossing hypersurface of Z such that ip\z-Dz is immersive, and that Di := (p~^{D) C Dz- Let y be a 
good meromorphic flat bundle on {Z,Dz) with if-structure compatible with the Stokes filtrations. Let Fv be 
the associated pre-if-Betti structure of V. Let Fv\{*Di) be the associated pre-if-Bctti structure of V\{*Di). 
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Proposition 8.12 Assume SI{<n) , GOOD{<n) and LOC{<n). Then, ip-^(V\{*Di), Tv<.{*Di)) and tp-^ (V, J^v) 
are K{*D)-holonomic. 



Proof Let us show that Co = {Z^U^tp^V) is a bounding n-ceU. Let C = {Z' ,U' ,(p' ,V') be a dominant 
refinement. Let g be a cell function for C as X'(*_D)-modules. We have a factorization ip' — tp o ipi^ where ipi : 
Z' — > Z. We put g' -.^ go(p and D[ := ip^^D. We have V = (p^'^V ^Oz'{*g')- According to Proposition IST71 
the morphisms (p'^{V,'){*D) — > ip'j{V\){*D) — > (p-^V — > ip'^^V are compatible with the canonical pie-K{*D)- 
Betti structures. We obtain the induced pre-i^(*D)-Betti structures of *£>) and (j)g[(p-\{V\),*D) . 

We obtain pre-if-holonomic I?-modules ipg' (V,' ,*D[) and (j)g/(V' ,*D[) on Z' . Because they are good on 
{Z',D'), they are X-holonomic by GOOD{<n). We obtain that (f>g{Lp'^V' ,*D) and (l)g{ip\{V{),*D) are K- 
holonomic by the assumption SI{< n). By Lemma [8.81 we obtain that (f)g{(p'i.V' ,*D) and (t)g{(p'i.V{ ,*D) are 
i4r(*L')-holonomic. Because (t)g{(pjV,*D) C (t)g(^(p'j.V' ,*D^ is compatible with the pre-iC-Betti structures, we 
obtain that (l)g{LpijV,*D) is also a i4r(*_D)-holonomic by Lemma [7.161 Since the surjection (j)g(^(p'j.V,' ,*D^ — > 
(j>g(^(pjjV\, *Z3) is compatible with the pre-X-Betti structures, (f>g(^(fjfV\, is also i4r(*£))-holonomic by Lemma 

wm I 

Corollary 8.13 Assume SI{<n), GOOD{<n) and LOC{<n). Let f be a cell function of an n-dimensional 
cell C = {Z,U,ip,V) as 'Dx(*D)~'>T^odule. Then, ip f (ipj^V, * D) and 'E.f^ip^V, *D) with the canonical pre-K-Betti 
structures are K{*D)-holonomic. 

Proof Applying the previous results to IVy^(ip^V, for ★ = we obtain that they are iir(*Z?)-holonomic. 
Then, we obtain the corollary. I 

8.3.3 Localization 

Let us show LOC{< n) by assuming SI{< n), GOOD{< n) and LOG{< n). By Proposition |7?TZ1 the problem 
is local. Let (tW, be a iiT-holonomic Px-module with dimSuppA^ < n. 

Let P be any point of D. Let {Z, U, ip, V) be a bounding cell of A4 at P. By taking a refinement, we may 
assume U D D = (d. Let 5 be a cell function of A4 as P-modules. We put gi := (p~^{g) and := (p~^{D). We 
have the expression of M. as the cohomology of the following complex of the iC-holonomic ©-modules: 

ijg^^m) ^g^fiV) ®MM)^ ^W{V) (85) 

By the assumption of the induction, i/jg(^ip^V\, and (j)g{A4, *D) are equipped with the induced iir(*_D)-Betti 
structures. We also have the following commutative diagram of pre-iiT-holonomic 15-modules: 

Mv) > MM) > Mv) 



i^g{ip^V,*D) > 4>g{M,^D) > ,i;g{p^Vu*D) 

We have the canonical pre-iiT-Betti structures of V'gi and Sgj(y,*Z)i). According to Corollary 

18.131 their push-forward (piV-'si (^1 and (^-f Sg^ (V, *_Di) are ii'(*_D)-holonomic. We also have the following 

commutative diagram of pre-iiT-holonomic 15-modules: 

^^■^gi{y) > ^^'^gi{y) > V^i^giiV) 



By Proposition [7TTZ1 the identification V'tV'gi {y^ *Di) — V'g(</'t^' compatible with the pre-if-Betti struc- 

tures. Hence, we obtain a i4r(*£))-Betti structure of M.{*D) with a morphism of pre-if-holonomic I?- modules 
M — > M{*D) whose restriction to X — D is an isomorphism. The functoriality is clear from the above 
construction. I 
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8.3.4 Twist 

Let {M.,F) be a i4r(*D)-holonomic I?(*D)-inodule with dimSuppTW < n. Let V be a meromorphic flat bundle 
on {X, D) with a if-Betti structure Fy. According to Lemma [7. 101 J^m\x-d ® ^v\x-d is a iiT-Betti structure 
of {M ®V)\x-D- 

Lemma 8.14 Assume SI{< n), GOOD{< n) and LOC{< n). There exists a K{*D)-Betti structure JvvigiV 
of M®V such that 

^Mi»V\X-D — ^M\X-D ® ^V\X-D- 

It is functorial with respect to M and V . 

Proof Let P E D. We have only to consider the issue locally around P. We use an induction on dimp Supp A^. 
Let C = (Z, U, V) be a dominating cell of at P. By considering an appropriate refinement, we may assume 
that V (S) </3*V is good on {Z, Dz), where Dz = Z ~ U. Let g be a cell function for C as I?x(*D)-niodule. By 
the hypothesis of the induction, we have the iir(*I?)-Betti structure of ipg{(pfV, *D) (X) V and (j)g{(pjjV, *D) (g) V. 
According to Proposition 18.121 we have the i4r(*L')-Betti structures of V'g(</'t^7 *D) (8 V and *D) (X) V 

induced by the isomorphisms iljg{M,*D) (X V ~ ipg(M (g) V, *D) and *D) (g) V ~ Sg(A^ (g) V, *D). By the 

uniqueness, the induced A'(*_D)-Betti structures on ipg{A4, *D) (g V are equal. Because Al (g V is expressed as 
the cohomology of the complex 

ijg{M,*D) (g V — > ^g{M, *D) (g V ® (t>giM, (g V — > ijg{M,'^D) g) V, 

we obtain a iir(*£>)-Betti structure on Al g) V with the desired property. I 

8.4 Step 3 

Let us show that SI{<n), GOOD{<n) and LOC{<n) imply SI{<n). The following argument is inspired by 
8.4.1 Special case I 

Let G : X — > F be a projective morphism of complex algebraic varieties. Let D be a normal crossing 
hypersurface of X. Let ^ be a meromorphic flat bundle on {X, D) with a X-Betti structure. Let D = DiU D2 
be a decomposition of D. We have the holonomic I?-module M :— V{*DilD2) with the induced iiT-Betti 
structure, denoted by J-. 

Proposition 8.15 If G\M =Ofori^O, RG^T is a K-Betti structure ofG'^M. 

Proof Since the claim is local, we may assume that Y is affine. Let us consider the case SuppG^A^ C G{X). 
We take a function / such that SuppG^X C f-\0) and G{X) ct /^^O). We set fx G-^{f). We have a 
description of the ii'-holonomic 2?- module (j)f^A4 as the cohomology of the following: 

M{lfx) Ef,M{*fx)®M^ M{*fx) 

By the assumption, we obtain that G|A^(!/a') = G|A^(*/a') = G|S/^A^(*/x) — 0. Hence, we obtain that 
Gjj{Ai,J-) ~ Gjj(t)f^{Ai,J-). By the assumption SI{< n), we obtain that RG^,F is a JC-Betti structure of G^A^. 

Let us consider the case G{X) = SuppA^. Let P e SuppG°Ai. As remarked in Subsection 17.1.11 there 
exists a good cell C = {Z,U,(p, E) of G°AJ at P, according to [33]. Let 5 be a cell function of C. We set 
gz '■= (p~^g and gx ■— G^^g. We have the ii'-Betti structures T{*gx) of Ai{*gx), obtained as the localization. 
(See Subsection 18.3.31 ) By considering the dual, we obtain the iiT-Betti structure J^{lgx) of M{lgx)- 

Lemma 8.16 

• The K -structure of E is compatible with the Stokes structure. 
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• For = !, the natural isomorphisms ip^Ei, ~ G-f(jM)(*g) are compatible with the pre-K -Betti structures. 

Proof Let us consider the case ★ = *. The case ★ =! can be argued similarly. We take a projective birational 
morphism n : Xi — !• X such that (i) Xi is smooth, (ii) Xi — {gx o k)~^(0) ~ X ~ g^^{0), (iii) (gx o k)~^{0) is 

normal crossing, (iv) the induced morphism X' — > Y factors into X' Z Y . 

We set D\ := h~^{Di U g'^{Q)). Let D'^ be the complement of D[ in D' k-^{D U ,g"HO))- We set 
V' := K-^V ®0{*D'). We set M' := V {*D'^\D'^). Note that n^M' ~ M{*gx) and Gz^M' = E. 

According to Proposition lS.lll we have the induced X-Betti structure J-' of A^' such that Rk^,F' = J-{*gx)- 
By Proposition I6.15[ we obtain that the iiT-structure of E is compatible with the Stokes structures, and that 
RGz*^' is the canonical X-Betti structure of G^jA^'. Hence, we obtain that RG^T{*gx) is the canonical 
iiT-Betti structure of G| (A^)(*.g) = ^-^E. Thus, we obtain Lemma [8. 161 I 

Lemma 8.17 The natural isomorphisms G^^Sg^ (^A4{*gx)) — 2g(</3f£') and G^^pg^ [Ai{*gx)) — i^gif^E) are 
compatible with the induced pre-K-Betti structures. 

Proof By Lemma [8.161 we obtain that the natural isomorphisms G'^(^M{*gx)®^'!jx) i*9x) — 'Pt^® 

are compatible with the induced pre--ftr-Betti structures. Hence, we obtain Lemma 18.171 I 

By Lemma 18.161 the morphisms (pijE\ — > G|A^ — > ^p^E are compatible with the induced pre-X-Betti 
structures. Hence, we have an induced prc-J^-Betti structure ^<j)g{RG^J^) of (j)g{G^M). We also have the 
induced X-Betti structure ^4>gj^{J^) of 0g^A^. By using Lemma [8.171 we obtain ^(j)g{RG^J^) = RG^^(f)gj^{J^) 
under the isomorphism (f>g{G'^Ai) ~ G'^cfig^Ad. By the assumption SI{< dimX), we obtain that ^(pgi^RG^J-) 
is a X-Betti structure of 0g(G-|-A^). Thus, we obtain Proposition 18. 151 I 

8.4.2 Special case II 

Let G : X — > F be a projective morphism of complex algebraic varieties. Let ip : Z — > X be a projective 
morphism. Let Dz be a normal crossing hypersurface of Z . Let 1^ be a good meromorphic flat bundle on {Z, Dz) 
with a i^-Betti structure. Assume that ip\z-Dz is an immersion. Let Dz = Dz.i U 1^2,2 be a decomposition. 
We have the holonomic P-module V [*Dz.i\Dz.2) on Z , with the canonical X-Betti structure J-v{*Dz.i\Dz.2)- 
We set M. := ip^V{*Dz,i^.Dz,2) on X, with the canonical if -Betti structure J- := (p-!fTv{*Dz,ilDz.2)- 

Lemma 8.18 //G|A^ ~ for any i ^ 0, then the induced pre-K -Betti structure ofG^M is a K -Betti structure. 
Proof It follows from Proposition l8.151 I 

8.4.3 Special case III 

Let be a locally free sheaf on a smooth complex algebraic variety Y. We put X := F{£). Let Hi {i = 1,2) 
be hyperplane subbundles. Let Af he a X-holonomic I?-module on X such that Af{*Hi) = Af. By shrinking Y, 
we take a meromorphic function g on X such that (i) g~^{oo) C Hi, (ii) M{*g) is a cell. Assume the following: 

• H2 is non-characteristic to A/", 'il)g{N , *Hi), Eg{Af, *Hi) and (t>g{N , *Hi). 
Lemma 8.19 The induced pre-K-Betti structure of G'^J\f{\H2) is a K-Betti structure. 
Proof We have the iiT-holonomic 2?-modules 

AA(*g) ® 3f{\g * H^IH^), {U{*g) ® 3^ {\H^). 

Note that Gi[{U{*g)®Tg^{\g*Hi\H2),)^ = and G| ((AA(*g) (g) 3^''''') (liia)) = unless i = 0. According to 
Lemma [8. 181 the induced pre-i^T-Betti structures of 

G?((AA(*g) ® 3f){\g * iii!iJ2)), G?((AA(*<?) ® 3^ ''')(!i?2)) 
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are fC-Bctti structures. Hence, we obtain that the induced pre-iiT-Betti structure of 

G?(s,(AA(*5),*i^i)(!i^2)), G0(V'g(AA(*g),*i/i)(!i/2)) 
are if-Betti structures. Because we have a description of G^N{\H2) as the cohomology of the following complex 

G?^g(AA(*5),*iIi)(!i/2) ^ G°Sg(AA(*5), *i/i)(!i/2) ® G?0ff(AA, *Hi)(!i72) G^^^ 
we obtain Lemma [8. 191 I 

8.4.4 Proof of Theorem [8TT] 

We have only to consider the case X = P{£) for some locally free sheaf £ on Y. We use an induction on 
the dimension of the support of A4. We take a resolution Tot(Q,.,) of A4 as in Subsection 12.3.41 It is 
naturally equipped with the A'-Betti structure Tot(jY^,). Then, F^{M,J^) is described as the z-th cohomology 

of Tot|^i^l'(Q,_,, J-"^,)^ . Hence, we have only to show that ^^(Q,.,, J"^,) are X-holonomic. By the construction, 
we have dimSupp Qij < dimSupp for (i,j) ^ (0, 0), to which we can apply the hypothesis of the induction. 
Hence, we have only to show that -F|'(Qo,Oi-7^(Po) i^-holonomic, which follows from Lemma [8.191 Thus, the 
proof of Theorem O is finished. I 

9 Derived category of algebraic X-holonomic X>-modules 

We study the standard functors on the derived category of algebraic iiT-holonomic I?-modules. We have only 
to follow very closely the argument due to Beilinson [5] , [3] and Saito [31] . This section is included for a rather 
expository purpose. 



9.1 Standard exact functors 

Let X he a smooth complex quasi-projective variety. We take a smooth projective completion X d X such that 
D = X ~ X is a normal crossing hypersurface. We set Hol(X, if) Hol(X(*I?), A') , which is independent of 
the choice of a completion X f Proposition 18. 1 iT) . Let D^^^{X, K) be the derived category of Hol(X, K). We will 
implicitly use the following obvious lemma. (Later, we will prove the stronger version in Theorem 19. 141 ) 

Lemma 9.1 The forgetful functors Hol(X, K) — > Hol(X) is faithful. I 

Dual Let {M,T) G Hol(X(*i:>), AT) . We put DxM := I%(A^ )(*£)). It is naturally equipped with the 
induced AT-Betti structure ]D^T(*D). Thus, we obtain DxiM,^) (]%(7\4 )(*£>), A*)) . 

Lemma 9.2 Bx{M,T) is well defined in Hol(X, AT). 

Proof Let X be another smooth projective compactification of X. Put D' := X — X. We assume to have a 
projective morphism (p : X — > X such that (p\x = idx- Let {M' , T') be a AT-holonomic I?-^'^^^,^ -module such 
that (f^M' — M and F'^^ = F\x- We have (D^' J"' (*£>')) |^ = {p^F{*D))^^ under the natural isomorphism 
H^'M' {*D')\x — ^xM{*D)\x- It implies the claim of the lemma. I 

Corollary 9.3 There exists a functor Hx on Hol(X, AT) which is compatible with the standard duality functors 
on Hol(X) and the category of K -perverse sheaves. We also have a functor Ox on AT), compatible with 

the standard duality functors on D\^^^{X) and D'^{Kx). They are unique up to natural equivalence. I 

We use the symbol ^Dx, if we would like to emphasize that it is a functor for A'-holonomic 2?- modules. 

Lemma 9.4 For Ai,J\f G Hol(X, AT), we have a natural isomorphism: 

Ext\,,,^x.j,){MM) ^ Ext^,i(;,,^)(%^AA,%^X) 

Proof It follows from the comparison of Yoneda extensions. I 
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Localization Let H he a, hypersurface of X. As is shown in Theorem 18.31 and Proposition 18. Ill we have the 
locahzation: 

*iJ : }io\iX,K) — > Rol{X,K), {M,F) i — > {M{*H),F{*H)) 
It is an exact functor. By considering the dual, we obtain an exact functor: 

\H : Hol(X,i^) t—^ no\{X,K), {M,F) ^ {M{\H),F{\H)) 

They induce exact functors *H and \H on D\^^y{X^ K). 

Lemma 9.5 For A4,M G ilol{X, K), we have the following natural isomorphisms: 

Proof It follows from comparisons of Yoneda extensions. I 

Nearby cycle, vanishing cycle and maiximal functors Let g be an algebraic function on X. By Lemma 
151^ we have the exact functor ng;*" (★ = *, !) on }io\iX,K) given by Rg'^^M^T) := {(M.T) ^ 3g'''){*g) and 
a,b G Z. Hence, we obtain the exact functors 2g, i/jg and 0g on IIol(Ar, iC). They induce the corresponding 
exact functors on D^^i{X,K). We use the symbols ^Sg, ^ipg and ^4>g, when we would like to emphasize that 
they are functors for if-holonomic P-modules. 

9.2 Push-forward and pull-back 
9.2.1 Statement 

— /' 

Let / : X — > Y be an algebraic morphism of quasi-projective varieties. We take a factorization X C X — !■ Y 
such that (i) /' is projective, (ii) H = X — X is normal crossing. We have a natural equivalence between 
Rol{X{*H),K) and Ilol{X,K). Let (M,T) G ilol{X{*H), K) correspond to (7W, J") G Hol(X,iC). According 
to Theorem 18. 11 we have 

J-) := {fiM,.f;7) G Hol(y,if), ''fl{M,F) := {f]M{\H), ffT{\H)) G Hol(y,if) 

They are independent of the choice of X up to natural isomorphisms. Thus, we obtain the cohomological 
functors we have the cohomological functor ^fl, ^ff : Hol(X, K) — > Hol(y, K) for i G Z. 

Proposition 9.6 for there exists a functor of triangulated categories 

"f. : DU{X,K) ^ DU{Y,K) 

such that (i) it is compatible with the standard functor fi, ; D\^y{X) — > D\-^^yO^)j f^"^) induced functor 
H^{^f*) '■ Hol(X, i^T) — > IIol(Y, A") is isomorphic to ^^fl- It is characterized by the property (i) and (ii) up to 
natural equivalence. 

As in [39] , the pull back is defined to be the adjoint of the push- forward. 

Proposition 9.7 ^f\ has the right adjoint ^f' , and ^f^ has the left adjoint ^f* . Thus, we obtain the following 
functors: 

^f* : DUY, K) ^ <,(X, K) (* =!, *) 
They are compatible with the corresponding functors of holonomic V-modules with respect to the forgetful functor. 

Let us consider the case that / is a closed immersion, via which X is regarded as a submanifold of Y . Let 
^hoixiX' if) be the full subcategory of D^^^{Y, K) which consists of the objects M' such that the supports of 
the cohomology 0^ H^M' are contained in X. 

Proposition 9.8 The natural functor ^f\ : D\^^^{X, K) — > D\^^^ ^(F, K) is an equivalence. 
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9.2.2 Preliminary 

Let X be a smooth complex projective variety with a hypersurface D. Let D^^^(^X{*D), denote the derived 
category of Hoi (X (*£»), if) . Similarly, let D^^i(X(*D)) denote the derived category of Hol(X(*D)). 

Let / : X — > y be a morphism of smooth projective varieties. Let Dx and Dy be hypersurfaces of X and 
Y respectively, such that Dx D .r^iDy)- We have the fmrctor ^fl : }lo\{X D x) , K) — > llo\{Y{*Dy), K) , 
naturally given by /|. We have the decomposition Dx — Dxi U Dx2 such that Dx2 = f ^^{Dy). We have the 
functor ^fi : }io\{X {*Dx),K) — > Uo\{Y{^Dy), K) given by 

'^fiiM.F) = {f;M{lDxi * Dx2), f^J'ilDxi * Dx2)). 

Lemma 9.9 For ★ = *,!, there exi sts a functor ^/^ : D'^^^(X{*Dx), K) — > D'^^^^{Y{*Dy), K) such that (i) 
it is compatible with the standard Junctor : D|^qj(X(*_Dx)) — > ^hoi(^(*-^^))' (''■''■) induced functor 
H^i^f*) '■ lio\(^X {* D x) , — > llo\(Y{*Dy), are isomorphic to ^fl- It is characterized by (i) and (ii) up 
to natural equivalence. 

Proof Let us consider the case ★ = *. Let M* be a complex of if-holonomic 'T)x(*Dx)~^'^'^^^^^- take 
sufficiently generic ample hypersurfaces Hi (i = 1, . . . , M) and H'^ {j = 1, . . . , N) such that ClfL^ Hi = and 
H'j = 0. We put Hi := IJ.g/ Hz and H'j := [j^^j iJj. We have f^M{*Hi\H'j *Dx) = ior i ^ 0, and we 
have 7f-holonomic 2?y (*i:)y)-modules ^f^M'{*Hi\H'j *Dx). For m, n > 0, we put 

C'"'"(XP,i?,i?') MP{*Hi\H'j*Dx). 

\I\=m+l, |J|=n+l 

Let Tot(C*'*(A^*, /J, i?')) be the total complex. It is naturally quasi-isomorphic to A^*. 

Let {HijH'i) [i — 1,2) be tuples of sufficiently generic ample hypersurfaces as above for . We say 
that we have a morphism {Hi,H[) — > {H2,H2), if either Hi C H2 or H'^ D H2 is satisfied. In that 
case, we have a naturally induced morphism C*'* {M* , Hi, Hi) — > C*'*(A^*, Jf2, -^2)- ^oi given tuples of 
sufficiently generic ample hypersurfaces (Hi, Hi) [i ~ 1,2), we can find a sequence of tuples of hypersurfaces 
{H^'\h"^^^) (j = 1,...,2L) such that (i) {H^^\H'^^^) = {Hi,H'i) and {H^^^\ H'<-^^^) = {H2,H'2), (ii) we 
have morphisms 

(•Jj(2m-l)^ jj'(2m-l)^ ^ ^^fj(2rn) ^ ■^t(2rn)-^ ^ ^-^[2^+1) ^ -^l(2rn+l) y 

Let M\ — > Ai* be a morphism of complexes of if-holonomic 2?x(*Dx)"™0'i^l^^- '^^^ take a tuple of 
ample hypersurfaces {H,H') which are sufficiently generic with respect to both M' (i = 1,2). For such a 
{H,H'), we obtain an induced morphism C'^' {M'l, H , H') — > C'''{M'2,H,H'). 

For each Ai' , we take a tuple {H, H') as above, and we put 

:= ^f^ Tot C'''{M',H, H') 

in D^^^iY, K). By using the above considerations, we obtain the map 

^0TtYjjljx,K){M'i,M'2) — > Hom^j,_^_(y_^)(^/,X*, ■^/♦X^), 

which is compatible with Honijjb ^(x) -^2) — ^ Hom^t ^(y-) (/|A^*, /fA^*)- Thus, we obtain the functor 
^f* '■ -C^hoi("^' — ^ ^hoi(^'-^)- By construction, it satisfies the conditions (i) and (ii). We set ^/i := 
^Dy o ^/^ o ^Djf. It satisfies the conditions (i) and (ii). The uniqueness follows from the existence of a 
resolution by if-holonomic I?-modules Af such that f^Af = unless i = 0. I 



9.2.3 Proof of Proposition [ 

We take projective completions X C X and Y C Y with the following commutative diagram: 

X ^ > X ^ — Dx 

Je 



(86) 



Y ^ > Y ^ — Dy 
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Here, Dx := X - X and Dy := Y - Y. We have the functors ■ DI^^{X{*Dx),K) — ^ DI^^{Y{*Dy),K), 
which induce_^A : Dl^{Y,K). 

Let X C X and F C F be another projective completions with a commutative diagram as in ([551) . We set 
D'x —X' -X and L*^ ■.= Y-Y. Let us show that the induced morphism : D^^^^{X, K) — > K) are 

equal up to equivalence. We have only to consider the case that we have the following commutative diagram: 



x' y' 



ipY 



X — ^ Y 

Here, ipx and ify are projective and birational such that (p^^{Dx) = D'^ and ipY^^Dy) = D'y We have the 
following diagrams which are commutative up to equivalences: 

DU{x'{^D'^).K) Di^,{Y\*D'y),K) 

Dt,{X{*Dx),K) Di^,{Y{*Dy),K) 

It implies that ^fi, : D^^i{X, K) — > _D|'jqj(F, K) are independent of the choice of projective completions up to 
equivalence. Thus, the proof of Proposition [9761 is finished. I 



9.2.4 Proof of Proposition [ 

Let A4,JV £ llo\{X,K). According to [4], we have only to check the following effaceability: 

• For any / € Ext^^jj-y ^-((A^, A/"), there exists a monomorphism with a monomorphism M — > J\f' 
llo\{X,K) such that the image of / in ExtHoi(y.A:)(A^, A/"') is 0. 

We can show it by using the arguments in Sections 2.2.1 and 2.2.2 in [5]. 



9.2.5 Proof of Proposition [9?fl 

We have only to consider the cases (i) / is a closed immersion, (ii) / is a projection X x Y — > Y. We closely 
follow the arguments in Subsections 2.19 and 4.4 of 



Closed immersion Let / : X — > F be a closed immersion. The open immersion X — Y — > X is denoted 
by j. Let Ai' be a complex of i^T-holonomic Py-modules. Let Hi {i = 1,...,N) be sufficiently general 
ample hypersurfaces such that (i) Hi D X, (ii) A4' — > A4*{*Hi) are injective, (iii) Cli^iHi = X. For any 
subset / = (ii, . . . , i„i) C {1, . . . , N}, let C/ be the subspace of /y™ generated by e^^ A • • • A e^^ , where 
d £ denotes an element whose j-th entry is 1 (j = i) or (j ^ i). For I — lo U {i}, the inclusion 
MPi*Hi„) — > MPi*Hi) and the multiplication of induces Mp{*Hi„) (g) Ci„ — > Mp{*Hi) (g) C/. For 
m > 0, we put C"'{M'P, *H) := 0|/|^„ A^P(*i?/) «) C/, and we obtain the double complex C'{M', *H). The 
total complex is denoted by TotC*(A^*, It is easy to observe that the support of the cohomology of 

TotC*(A^*,*i?) is contained in X. According to Proposition HH we obtain ^f M' := TotC*{M',*H) in 
Dl^i{X,K). We obtain a functor : D'l^^^{Y,K) — > Dl^i{X,K) as in Lemmallll Note that the underlying 
I?y-complex is naturally quasi-isomorphic to f'Ai*, where /' is the left adjoint of : D^^i{X) — > ^hoi(^)- 

We have the naturally defined morphism a : TotC*(A^*, — > M*. We put IC* := Cone(a). We have 
another description. For m > 0, we put C {MP, *H) := 0|/|=„j+i ® C/, and we obtain the double 

complex C {A4* ,*H). We have a natural quasi-isomorphism K.* ~ TotC {Ai*,*H). By using the second 
description and Lemma [9.51 we obtain the following vanishing for any Af' E D^^^^{X, K): 

Hom^.^^(y,^)(^/!AA-,/C-) =0 
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Hence, we have the fohowing isomorphisms for any ii'-hofonomic X'x-complex A/"*: 

^o^DlJY.K){''m\ M') ^ Hom^.^^(^^^)(^/!AA-, "f^.'^fM') ^ Hom^.^_(;,,^) (A^*, ^fM') 

Hence, we obtain that the above functor ^f' is the right adjoint of ^/i. By taking the dual, we obtain the left 
adjoint ^f* of ^/*. 

Projection Let f : Z x Y — > Y be the natural projection. Let {M,J-) be a _ft'-holonomic Py-module. We 
put ^f*{M,T) {Oz^M[- dim Z],Kz^C). It is easy to check that ^f*{M,J") is iC-holonomic. Thus, we 
obtain the exact functor ^f* : D^^^iY, K) — s- Dl^y{Z ■xY,K). Let us show that ^/* is the left adjoint of ^/*. 
We have only to repeat the argument in Subsection 4.4 of 39 , which we include for the convenience of readers. 
We have only to construct natural transformations a : id — > ^f*^f* and {3 : ^f*^f* — > id such that 

are the identities. We define a as the external product with {C,K) — > (^H]j]i{Z), H^{Z, K)^ For the con- 
struction of /?, the following diagram is used: 

Z xY — ^ Z X Z xY > Z xY 

ZxY Y 

Here, i is induced by the diagonal Z — > Z x Z, qj are induced by the projection Z x Z — > Z onto the j-th 
component, and pj are the projections. We have the following morphisms of 2?-complexes, compatible with the 
i^T-Bctti structures: 



Lemma 9.10 We have a natural isomorphism ^i*^qlM' ~ M* in D^^^{Z x Y,K). 

Proof We have a natural isomorphism of the underlying I?-complexes. We have only to check that it is 
compatible with X-Betti structures. Since the composite ^i*'^ql : D^^^iZ xY,K) — > -Dhoi(^ x ^) is exact, 
we have only to consider the compatibility for any X-holonomic P^xy-niodule Ai. Moreover, we have only to 
check it locally on Z x Y. Then, it can be done directly from the construction. I 

We define (3 as the composite of (|87|) with the isomorphism in Lemma [9. 101 Let us look at ^f*/3 o a, which 
is the composite of the following morphisms: 

Hence, we can observe that it is equivalent to the identity. As for f3 o ^f *a, it is expressed as follows: 

^/W = ^p^AA ^p^^pi.^pJAA \2*VpW %*^i*^z*%*^p;AA 0^ ""pIN - ^/W 
Hence, it is equivalent to the identity. Thus, the proof of Proposition 19.71 is finished. I 

9.3 Tensor product and inner homomorphism 
9.3.1 Statement 

Let {M.i,Fi) [i = 1,2) be i^-holonomic 2?-modules on Xi. 

Proposition 9.11 Ti Kl J-2 is a K-Betti structure of A4i M Ai2- As a result, we obtain a natural functor 
M : Hol(Xi,if)xHol(X2,iir) — > Hol(Xi x X2, i^T), compatible with the standard external products Kl : Hol(Xi)x 
Hol(X2) Hol(Xi X X2) and Dl{Kx,) x Dl{Kx,) Dl{Kx,y,x^)- 
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Before going into a proof of Proposition 19.111 we give a consequence. Let X be an algebraic variety. Let 
5x ■ X — > X X X he the diagonal morphism. We obtain the functors (g) and RHom on D\^^^{X, K) in standard 
ways: 

M®N := '^5*x{M K A/"), Rnom{M,M) ^S-x{BxM MM) 
They are compatible with the corresponding functors on D^^^^{X). 

9.3.2 Preliminary 

Let {A4,J^m) be a if-holonomic I?x-niodule. Let V be a good meromorphic flat bundle on {Y,Dy) with a 
iiT-Bctti structure J-^. Let J^v! be the canonical /-iT-Bctti structure of Vi. 

Lemma 9.12 J^v and Fv\ M Fm are K-Betti structures ofVMAi and V\M Ai, respectively. 

Proof We use an induction on the dimension of the support of A^. Let P be any point of X. We have only to 
consider locally around Y x {P}. Let C — {Z, U, (p, V) be a A'-cell of A4 at P. Let 5 be a cell function of C. The 
pre-JiT-holonomic 2?-module V <8i is expressed as the cohomology of the following complex of pre- A'-holonomic 
2?-modules: 

By the hypothesis of the induction, J^\;M^'ipg{ip^J^v) and J^\;M^(j)g{(p^J^v) are iiT-Betti structures oiVMipg{ip-^V) 
and V Kl (j)g{(p^V), respectively. We put gz '■— 'P*g- By using Theorem 18.21 we obtain that Kl ( 
and J"v ^ ^''Pgz i-^v) are i^-Betti structures of V Kl Eg^ {V) and V Kl -0^^ {V), respectively. By construction, the 
isomorphism V Kl "ySf ("^gz (^)) — V Kl ipg(^(p^V) preserves X-Betti structures. Hence, we obtain that J^m K1 J^y 
is a X-Betti structure. Thus, we obtain the first claim. By considering the dual, we obtain the second claim. I 

Let g he a, holomorphic function on Y such that 17^^(0) — Dy- We obtain the following corollary from 
Lemma 19.121 

Corollary 9.13 ^ipgiTv) K Tm and ^g(J^v) ^ are K-Betti structures of ipg{V) K M and Sg(V) S M, 

respectively. I 

9.3.3 Proof of Proposition 

Let P he any point of Xi. We have only to consider locally around {P} x X2- We use an induction on 
dimpSuppA^i. Let C = {Z,U,ip,V) be a AT-ceh of Mi. The pre-iiT-holonomic 2?-module Mi M M2 is 
expressed as the cohomology of the following complex: 

il;g{ip^fV)MM2~^'EgiVfV)MM2(S(t)g{Mi)MM2~^^g{VfV)MM2 

By the hypothesis of the induction, ipg{(p-^V)MM2 and (pg{(pijV)MM2 are iiT-holonomic. According to Theorem 
18.11 and Corollarv l9.13[ Eg{ip-^V) MM2 is if-holonomic. Hence, we obtain that Mi MM2 is also if-holonomic. 
Thus, we obtain Proposition l9.11l I 

9.4 X-structure of the space of morphisms 
9.4.1 Statement 

Theorem 9.14 For M',N' e D\^^^{X,K), the induced morphism 

Hom^j.^^(x^^)(M*, A^*) ® C ^ Hom^.^^(^)(Af, A^*) 
is an isomorphism. In other words, D\^^y{X,K) (g) C — > D\^^^{X) is fully faithful. 
We closely follow Beilinson's argument in 2 for the proof. 
Theorem 9.15 We have the following natural isomorphism 

Hom^._^^(^_^)(Af, A^*) ~ Hom^._^^(^^^)(Ox, Rnom{M' ,N')[dx]) 
We essentially use a commutative diagram due to Saito in [40] . 
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9.4.2 Homomorphisms and extensions for good meromorphic flat bundles 

Let X be a complex manifold with a normal crossing hypersurface D. Let y be a good meromorphic flat bundle 
on {X, D) with i^T-good structure, and let C{V) be the associated local system with the Stokes structure on X{D). 
It is naturally equipped with a i^T-structure Ck{V). If we are given an extension — > V — > P — > Ox{*D) — > 

as i^-holonomic Px-modules, P is also a good meromorphic flat bundle with a good i^T-structure, and it induces 
an extension — > Ck{V)-^ — > Ck{P)^^ — > ^x(d) — ^ ^ i^-constructible sheaves. Conversely, assume 
that we are given an extension of /-C-constructible sheaves — > Ck{V)-^ — > Gk — > ^x{d) — ^ ^® obtain 

a K-local system Gk ■— T^*G\x\Di where l : X \ D — > X. The C-local system Gk <8) C is naturally equipped 
with a Stokes structure compatible with the if-structure. Hence, we obtain an extension of ii'-holonomic Vx- 
modules — > V — >■ P — > Ox{*D) — > 0. The above procedures are mutually inverse. Thus, we obtain a 
bijection Ext^Qj^^j^) (C'x(*i^), V) ~ Ext^^^^^ (Xjj^^^, CxiV)) ~ H^(^X,J^v)- Similarly, we have a natural 

bijection Ext°„i(^^^)(Ox(*i?), V) ~ J-y). 

Let y, W be good meromorphic flat bundles on {X, D) with good if-structures. We have a natural bijection 
Extli^i^-^ K^{W,V) ~ Extli^ii^^K){^x{*D),W^ (X) V) for any i. Hence, we obtain the natural isomorphisms 
ExtHoi(x,x) (W^. ~ J"vyv^y) for i^O,l. Because 

W{X,J'w-»v) «)K C ~ H'{X,DRx(W'^ ® V)) Hi^^{X,W'^ (g) V), 

the vector spaces H^^(X, W'^ 0V) have the natural iiT-structure. We say that an element / e H^j^{X, W"^ (E)V) 
is compatible with iiT-structure, if it comes from W (^X , J^w'^ i^v) ■ An element / G H^^ii^j ^) induces 

an extension — > V — > P — > W — > in Hol(X, K) as observed above. 

9.4.3 Some extension 

Let X be a smooth complex quasi-projective variety. Let Vi {i = 1,2) be flat bundles on X with a good K- 
structure, i.e., there exists a projective variety X D X such that (i) D := X — X is normal crossing, {ii)Vi are 
good meromorphic flat bundle on {X,D) with a good JC-structure. According to ^, we have ExtHQi(_5f) (Vi, V2) — 
H'{X,V^'' (g)V2). 

Lemma 9.16 There exist an open subset U d X and an extension V3 D V^2|c/ on U of algebraic flat bundles 
with a good K -structure, such that the induced morphisms F,xt'^^i^-^-^{Vi,V2) — > Exty^j^^/^ (T4|c/, Vis) for 

1 > 0. 

Proof We use an induction on dimX. In the case dimX = 0, the claim is trivial. Let us consider the case 
dimX > 0. We take a Zariski open subset Xi C X with a smooth affine fibration p : Xi — > Z\ such that the 
relative dimension is 1. For any meromorphic flat bundle V on Xi, we put p*(V) := i?'p*(V ® ^Xi/Zi)- ^'^^ * 
Zariski open subset Z( C Zi, the induced morphism p^^(Z() — > Z( is also denoted by p. 

We may assume that Lq :— p*(V|^ ® V2) are meromorphic flat bundles on Z\ with a good if-structure. We 
have Lq = unless g = 0, 1. It is easy to reduce Lemma [9. 161 to Lemma [9.171 below which is Lemma 2.1.2 of [2] 
with a minor enhancement. 

Lemma 9.17 

(a) There exist a Zariski open subset Z2 C Zi and an extension P D V2IX2 of algebraic flat bundles with good 

K -structures on X2 ■= p^^{Z2), such that the induced morphism pl{Vi (g) V2IX2) — ^ pli^i^ 'SS P) 0- 

(b) There exists a Zariski open subset Z3 C Zi and an extension Q D V'2|X3 of algebraic fiat bundles with good 

K -structures on X^ := p^^{Z^), such that the induced maps 

Hl^{Z,,pl{V^ ® V2\x,)) ^ Hl^{Z,,pl{V^ ® Q)) 

are for any p > . 
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Proof We have only to use the argument in the proof of Lemma 2.1.2 of [5]. We give only an indication. Let 
a e H^iii^iTLi ® -^i) = ^^drI^IjPKIp*^! ® ^lY ® ^2)) be the element corresponding to the identity of Li, 
which is compatible with iC-structure. We have the following exact sequence compatible with iiT-structures: 

Applying the hypothesis of the induction to Lg and L\, we have a Zariski open subset Z2 C Zi and an 
extension Lp : L\ C i? of algebraic flat bundles with a good X-structures on Z2, such that the induced morphism 
H'^{Z, L\ ® Lq) — > H^{Zi,R (g) La) is 0. In particular, ip{da) = 0. We obtain the element 

^(a) e H°,^{Zi,R^Li) ^ H°,^(^Zi,pl{{p*R'' ^ViY ^¥2)) 

which is compatible with if-structure. By construction, we have a lift (p{a) £ iJ^j^^X, {p*R^ Vi)^ (8) ¥2^ 

compatible with iiT-structure. It induces an extension — > ^21X2 — ^ P — ^ p*R'^ (S) Vi\x2 — ^ of algebraic 
flat bundles with good i^T-structures on X2- (See Subsection 19.4.21 ) It is easy to observe that P is the desired 
one. Thus, we obtain the claim (a). The claim (b) can also be shown by the argument in [2]. I 

9.4.4 Proof of Theorem [OH 

We put Ci{X) := Hol(X) and C2{X) := Hol(X, K) ® C. Let Vi {i = 1, 2) be algebraic flat bundles on X with 
good X-structures. Let us consider the natural morphism: 

gx : Exth,^x){Vi,V2) Ext*c^(^)(T/i, F2) 
It is an isomorphism in the case i = 0, 1. 
Lemma 9.18 Let i > 0. 

• Let a G Ext^^j-j,;--) (Vi, V2) such that gx{a) = 0. There exists U d X such that a — m Ext^2([j)(T4|y, V2\u)- 

• Let a G Ext^^^j(--)(Vi, V2). There exist U d X and & G Ext^^^^;-) (Vi|[/, V21C/) such that a^jj = gij(b). 

Proof We give only an outline. We use an induction on i. We have already known the case i = 1. Let 
a G Extp2(x)(^ij ^2) such that gx{a) = 0. We have an extension V2 C V3 of a meromorphic flat bundle with 
a good if-structure such that the image of a is mapped to via Ext^^j^^ (Vi, V2) — > Ext^2(j5--,(Vi, V3). Let 
K := Vz/V2. We have c G Ext (Vi, ivT) which is mapped to a via Ext^^^^^ (Fi, X) — s- Ext*c2(x)(^i, ^^2). We 
have d G Ext^^J^j(Vi, V3) which is mapped to gx{c) via ExtJ^^|^j(Vi, V3) — > Ext^^^-^j (Fi, iiT). By using the 
hypothesis of the induction, we can find U (1 X and e G Ext^|:yj(Vi, A') such that gu{e) — d\ir. By using the 
hypothesis of the induction, and by shrinking U, we may assume e is mapped to c^u via Ext^Jj^j(V^i, V3) — > 
Ext^J-^^^{Vi,K). Hence, we obtain a\ij = 0. 

Let a G Extp^(x)(^ii ^2)- According to Lemma fQ.lGl we can find U C X and an extension V2\u C V3 
of meromorphic flat bundles with good i^T-structures such that the induced map Ext-'^^^jj^{Vnif,V2\u) — > 
Ext^^(.y^(Fi|j7, V3) is for any j > 0. We put K V3/V2H/ We can find c G Ext'~^]^jj-^{Vi\u , K) which 
is mapped to a via Ext^J^^^ (T^i^/, AT) — > ^'^^Ci(u)i^i\UT^2\u)- By using the hypothesis of the induction 
and by shrinking U, we can find d G Ext^^y^(Vi|[/, iiT) such that gu{d) — c. Let b be the image of d via 
Ext^"|j^^(Vi|[/,-fi') — > Ext^2([;)(T4|t/, V2\u)- Then, it has the desired property. I 

Let M,N £ C2iX). We would like to show that Ext^2(x) i^, N) — > Ext^^(^) (M, N) is an isomorphism. We 
use an induction on the dimension of the support of MQ)N. We take a hypersurface D C X such that (i) M{*D) 
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and N{*D) are cells, (ii) X ~ D is affine. We have the distinguished triangles ^i^,^rN — > N — > N{*D) 
K- K-* ^ r +1. 



and M{}.D) 



M 



For j = 1, 2, we obtain the following exact sequence: 

.i (K- K-* K- K-\ : 



+1 



¥.y.\}c^{M{\D),N{*D)) — > Extl^{Vi*M, VrN) — > Ext^^ (M, TV) 

Extj.^.(M(!Z3),iV(*D)) Ext'c^i(^z*-^rM, VrN) 

By the hypothesis of the induction, Ext^^ {^i*^i*M, ^i^^i'N) — > Ext^^ {^i^^i*M, ^i^^i'N) is an isomorphism. 
We have the natural isomorphisms Ext^^. (M (!_D), A^(*£>)) ~ Ext^^. (Af(*Z?), iV(*Z))), as remarked in Lemma 
19.51 Let Z be the support of M(*D) and N{*D). By Beilinson's argument using the functors S, (p and ip (see 
Subsection 2.2.1 of 2 ), we have natural isomorphisms 

For Di C D2, we have the following commutative diagram: 

M > M(*Di) N{\Di) > N 



M > M(*D2) N{\D2) > N 

Hence, we have the following commutative diagram: 

Ext'c^{'^ii,^ilAI,^ii,^i[N) > Extij^{M,N) > Extij^{M(lDi), N{*Di)) 



Extc^(^i2*'^i2M,-^i2*-^4A^) > Extj^^. (M, TV) > Ext'c^. (M(!D2), iV(*i?2)) 

Then, it is easy to show that Ext^^ {M, N) — > Ext^^ (M, N) is an isomorphism by using Lemma 19.181 I 
9.4.5 Proof of Theorem \9A5\ 

Recall a commutative diagram in [40]. For M*,N* £ D{'Dx), we have the following commutative diagram: 

Hom^(i,^)(M',A^') RomD{v^^^^{M'^BN', 6^0x[dx]) 

1 ^^^^ 
Hom^(C^)(DRxAf, DRxA^*) Romn(Cx){BRx M' ^BBRx N' , 6,Cx[2dx]) 

Let M be a holonomic 2?x-niodule with a X-Betti structure J-. We have 

Homz5(i5^)(M, M) ~ HomHoi(jf)(M, M) ~ HomHoi(jf,K)(M, M) ® C 

We have similar isomorphisms for Hom^ifp^) H Di\f, SjjOx[dx]) ■ Hence, we obtain the following diagram 
from (I89t: 



HomHoi(x./f)(M, M)(g)C 
Homc(C^)(DRxAf, DR^M) 



HomHoi(xxJf,A-)(MHID>M, S^Ox[dx])®C 



Homc(c^) (DRx M B DRx M, SXx [2dx]) 



Homi5(K^)(j"HD^, 5,Kx[2dx]) 
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Note that a is injective. Hence, b is also injective. Since a and b are compatible with iiT-structures, c is also 
compatible with i^-structures. Let C : M ® DM — > 5^,0 x[dx] correspond to 1 : A/ — > M . It is compatible 
with X-Betti structures. 

For M* e Dl^^{X,K), let C : M* K DM* — > 5^0x[dx] correspond to 1 : M* — > MV We obtain that C 
is compatible with X-Betti structures. Then, we obtain that the isomorphism 

Homi3(p^)(Af,iV) Homc(i,^^^)(M* 5^0x[dx]) 

is compatible with iiT-Betti structures for any M',N' E D\io\{X,K). By taking the dual, we obtain Theorem 

Em I 
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